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Abstract: Curved wall jets have many technical applications, ranging from aeronautical circulation 

controlled wings to micro-fluidics and cryogenics. This paper addresses the issue of correctly 

estimating the boundary layer separation for laminar curved wall jets. For this, the Pohlhausen model 

was used in conjunction with the CEVA wall jet model with a semi-empirical modification which 

increases the accuracy for very thin jets. The method is therefore a mix of analytical equations with 

curve fitted experimental data in order to produce a simple yet effective way of estimating the 

boundary layer velocity profile along the curved wall. In order to cross-check the results, Newman’s 

empirical equation – which only provides a separation location but no information regarding the 

velocity profile - for boundary layer separation was used with good results. The hereby model could 

be used as a pre-design tool for rapid assessment of aeronautical high-lift applications such as Upper 

Surface Blown (USB) or entrainment wings. 
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NOMENCLATURE 

h – initial jet thickness 

R – ramp radius 

uj – initial jet velocity 

um – maximal local jet velocity 

y 1/2 – wall distance at which the local velocity equals half of local maximum velocity 

θsep – separation angle [degrees] 

Λ – Pohlhausen coefficient 

1. INTRODUCTION

Applications of curved wall jets – subject to the Coandă effect – have long been 

implemented in the  aeronautical  industry in obtaining higher  lift – such as the USB Refs 

[1-3] Fig.1 a. or entrainment Refs [4-7] Fig.1 b. wings, or replacing the wing altogether Refs 

[8,9] Fig.1 c; other applications refer to replacing stability control devices such as the 

helicopter tail rotor with a Coandă-effect curved wall jet on the rotorcraft tail boom Ref [10-

11] Fig. 1 d. 
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b. 

 
c. Ref [8] 

 

d. Ref [10] 

Fig. 1 - Applications for the Coandă effect lift a. USB wing, b. Entrainment wing, 

c. the original Lenticulair Aerodine Ref [8], d. Coandă effect helicopter tail rotor Ref [10]. 

Although analytical models were developed for estimating the flow fields over curved 

surfaces Ref [12], or dedicated turbulence models which compensate for wall curvature Ref 

[13] or [14], the semi-empirical models such as the ones described by Lewinsky and Yeh 

[15] or Seed [16] still offer the advantage of being experimentally validated in their design 

range. 

Reference [17] presents, amongst other calculations, a method for boundary layer 

detachment prediction in the case of curved wall jets subject to the Coandă effect. The paper 

approaches the matter by introducing the model proposed by Rodman, Wood and Roberts 

(RWR) Ref [18] into the Pohlhausen boundary layer equation [19]. Fundamentally there are 

two limitations to the method regarding the estimation of the detachment point. Firstly, the 

RWR model is validated only for very thin wall jets with a height to radius (h/R) ratio lower 

than 3-4%. An extended (h/R<10%), semi-empirical, model (CEVA) is described in Ref 

[20]. The second limitation is the Pohlhausen boundary layer equation itself, which has some 

difficulties in estimating the laminar boundary layer separation, improved models being 

presented in Refs [21] and [22]. 

It is the purpose of this paper to integrate the CEVA model into the Pohlhausen 

boundary layer equation with an added correction which is based on the reinterpretation of 

the experimental data from Wygnanski Ref [23]. 

The detachment point is then calculated numerically and cross-checked with the 

empirical equation of Newman Refs [24], [25]. Newman’s equation is regarded to be 

accurate up to a 10% height to Radius ratio and therefore it is suited for the validation of the 

current method. However, the formula does not provide a way to calculate the radial velocity 

profile along the ramp. 

2. INITIAL CALCULATIONS AND COMPARISONS 

For a simple curved wall jet – over a circular cross-section ramp Fig. 2 – in a quiescent 

ambient, Newman provides an empirical equation for estimating the detachment point of the 

flow as a function of the height to radius ratio Eq (1). 

            
   

          
 (1) 
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Fig. 2 – Example of curved wall jet over a circular ramp 
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 After the numerical implementation (the derivative dum/dC is solved numerically) of 

the CEVA model into the Pohlhausen boundary layer equation, the separation point was 

calculated for various h/R ratios using the criteria of Λ=12. 

The results are plotted against the h/R ratio for comparison with the empirical Eq. (1) in 

the chart presented in Fig. 3. 

 

Fig. 3 – The comparison between the separation points calculated with  

the CEVA-Pohlhausen model versus Newman’s empirical equation 

 It is apparent that for h/R ratios higher than 5%, the two methods provide similar results, 

within a margin of 3° to 4°. On the other hand, for thinner jets - with an h/R ratio lower than 

5% - the CEVA-Pohlhausen method clearly overestimates the separation angle. 

As stated before, the literature offers more precise boundary layer models however, the 

nature of the CEVA model equations may allow for a different approach. By introducing 

additional experimental data regarding the boundary layer of curved wall jets, it may be 

possible to correct the overestimation in the <5% ratios. 
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3. THE CORRECTED CEVA-POHLHAUSEN MODEL 

In this approach we maintain the original Pohlhausen laminar boundary layer equation (2), 

(3) while modifying the original formulations of the CEVA model with a new equation 

based on Wygnanski’s experimental data provided in Ref [23]. 

As shown there, the thickness ratio between the boundary layer, ym, and the reference 

wall distance, y1/2 (the distance for which the local velocity is half of the local maxima), has a 

steep increase for angular positions above 180°. 

This can be explained by the transition of the jet from laminar to turbulent. Therefore, it 

must be pointed out that the self-similarity assumption becomes obsolete for non-laminar 

flows but, for the purpose of calculating an estimate for the separation point, the method 

might still be useful. 

 By using iterative non-linear regression methods Refs [26, 27], analytical equations 

have been deduced to fit the experimental curve. 

 Because, in this case, the extrapolation of the experimental data is important (i.e. for 

thinner jets, which have separation points at more than 180°) two equations were proposed. 

Both of the two equations (4) and (5) provide good fitting for the existing experimental 

data but have almost diametrically opposed behaviour when extrapolated. 

As shown in Fig. 4, Eq. (4) tends to continue its increase beyond the 180° threshold 

whereas Eq. (5) is more conservative, levelling off just above 180°. 
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Fig. 4 – The correlation of the experimental data with the proposed analytical equations 

Equation 5 has been used for a new estimation of the separation point with the CEVA-

Pohlhausen model. 

 

0

0,2

0,4

0,6

0,8

1

1,2

1,4

1,6

1,8

0 50 100 150 200 250 300

y m
/y

1
/2

 

θsep [°] 

Ec.(4.84)

Ec.(4.85)

experimental

Ec. (4) 

Ec. (5) 

Experimental 



65 A correction factor for the CEVA laminar flow model 
 

INCAS BULLETIN, Volume 5, Issue 3/ 2013 

 

Fig. 5 – The separation points calculated trough the corrected  

CEVA-Pohlhausen method vs Newman’s equation 

4. CONCLUSION 

The current study investigates the possibility of integrating a corrected semi-empirical 

curved wall jet model with the Pohlhausen boundary layer method with the intent of 

obtaining a more accurate estimation of flow separation. 

 The paper is dwelling on the previous work provided in Ref [20] which proposes a semi-

empirical Coandă effect model and that presented in Ref [Pohl] in which the Pohlhausen 

boundary layer is applied to the Rodman et al. formalism. An initial test is made with the 

baseline CEVA model which was implemented numerically in Eq.(2) and (3), the results 

were then compared with the empirical equation for the separation point fitted by Newman 

Refs [24, 25]. 

The results displayed a good correlation for jets thicker than 5%, however the baseline 

CEVA-Pohlhausen model overestimated the detachment point for thinner jets – which tend 

to stay attached longer than thicker jets. This is the effect of flow transition from the laminar 

region, near the ejector slot, to the turbulent region located at very high angular locations 

(above 180°). 

 Although it has been pointed out that the self-similar velocity profile cannot be 

rigorously considered, the formulas can be adjusted so that they will correlate better with the 

reference considered i.e. Newman’s equation. 

 Therefore, based on the experimental research provided by Wignansky in Ref [23], two 

correction factors were developed and then combined in order to re-iterate the comparison. 

The proposed corrected model achieved improved correlation with the Newman equation on 

the entire h/R range tested. 

 Further improvements on the proposed model may be achieved by implementing the 

more elaborate boundary layer polynomial model described in Refs [21, 22]. 

0

50

100

150

200

250

300

0 0,05 0,1 0,15 0,2 0,25

W
al

l j
e

t 
se

p
ar

at
io

n
 a

n
gl

e
 [
°]

  

h/R 

Newman
corrected CEVA-Pohlhausen



Valeriu DRAGAN 66 
 

INCAS BULLETIN, Volume 5, Issue 3/ 2013 

REFERENCES 

[1] Jay Marcos, David Marshall, Computational and Experimental Comparison of a Powered Lift, Upper Surface 

Blowing Configuration, 48TH AIAA AEROSPACE SCIENCES MEETING INCLUDING THE NEW 

HORIZONS FORUM AND AEROSPACE EXPOSITION, APA-7: Applied CFD to Configurations and 

Experimental Validation, Chapter DOI: 10.2514/6.2010-502, 2010. 

[2] Kristina Jameson, David Marshall, Robert Ehrmann, Jonathon Lichtwardt, Eric Paciano, Robert Englar, Cal 

Poly's AMELIA 10 Foot Span Hybrid Wing-Body Low Noise CESTOL Aircraft Wing Tunnel Test and 

Experimental Results Overview, 51ST AIAA AEROSPACE SCIENCES MEETING INCLUDING THE 

NEW HORIZONS FORUM AND AEROSPACE EXPOSITION, generic session.  Chapter DOI: 

10.2514/6.2013-974, 2013. 

[3] Jonathan Lichtwardt, David Marshall, Investigation of the Unsteady Behavior of a Circulation Control Wing 

Using Computational Fluid Dynamics, 49TH AIAA AEROSPACE SCIENCES MEETING INCLUDING 

THE NEW HORIZONS FORUM AND AEROSPACE EXPOSITION, generic session, Chapter DOI: 

10.2514/6.2011-1041, 2011. 

[4] Christopher L. Rumsey, Takafumi Nishino, Numerical Study Comparing RANS and LES Approaches on a 

Circulation Control Airfoil, AIAA, 2011.http://dx.doi.org/10.1016/j.ijheatfluidflow.2011.06.011, 

[5] Takafumi Nishino, Seonghyeon Hahn, and Karim Shariff, Large-eddy simulations of a turbulent Coanda jet 

on a circulation control airfoil, Phys. Fluids 22, 125105 (2010); http://dx.doi.org/10.1063/1.3526757. 

[6] Chiang Shih and Zhong Ding.Trailing-edge jet control of leading-edge vortices of a delta wing, AIAA Journal, 

Vol. 34, No. 7 (1996), pp. 1447-1457. DOI: 10.2514/3.13252. 

[7] Ernest Keen, William Mason, A Conceptual Design Methodology for Predicting the Aerodynamics of Upper 

Surface Blowing on Airfoils and Wings, 23RD AIAA APPLIED AERODYNAMICS CONFERENCE, 

APA-18: Propeller/Rotorcraft Aerodynamics, DOI: 10.2514/6.2005-5216, 2005. 

[8] Corneliu Berbente, Scientific personality of Henri Coandă, Anniversary Session “Celebrating 100 year of the 

first jet aircraft invented by Henri Coanda”, Romanian Academy, 15 December 2010, Bucharest, 

Romania, INCAS BULLETIN, Vol. 2 Number 4, 2010, pp. 3-10, DOI: 10.13111/2066-8201.2010.2.4.1. 

[9] C. Oprişiu, M.I. Piso, D.D. Prunariu, Small aircraft as a tool for space applications education, Advances in 

Space Research, Volume 20, Issue 7, 1997, Pages 1361–1364, http://dx.doi.org/10.1016/S0273-

1177(97)00730-8. 

[10] I. Cîrciu, M. Boşcoianu, An analysis of Coandă – notar anti-torque system for small helicopters, INCAS 

Buletin, Vol. 2, Number 4, 2010, ISSN 2066-8201, pag.81-89, DOI: 10.13111/2066-8201.2010.2.4.12. 

[11] I. Cîrciu, Teză de doctorat, Îmbunătăţirea performanţelor de zbor ale elicopterelor prin aplicarea efectului  

Coandă - sistemul NOTAR, Improvement of helicopter flight performance by application of the Coandă 

effect - the NOTAR system, Braşov, 2009. 

[12] A. Dumitrache, F. Frunzulică and T.C. Ionescu, Mathematical Modelling and Numerical Investigations on 

the Coandă Effect, in the book "Nonlinearity, Bifurcation and Chaos - Theory and Applications" ed. by 

Jan Awrejcewicz and Peter Hagedorn, ISBN 978-953-51-0816-0, InTech, October 10, 2012, DOI: 

10.5772/50403. 

[13] Michael L. Shur, Michael K. Strelets, Andrey K. Travin, and Philippe R. Spalart, Turbulence Modeling in 

Rotating and Curved Channels: Assessing the Spalart-Shur Correction,AIAA Journal, Vol. 38, No. 5, 

2000, pp. 784–792.DOI: 10.2514/2.1058. 

[14] M. Mani, J. A. Ladd, and W. W. Bower. Rotation and Curvature Correction Assessment for One-and Two-

Equation Turbulence Models, Journal of Aircraft, Vol. 41, No. 2 (2004), pp. 268-273. 

[15] S. Levinsky, T.T. Yeh, Analytical and Experimental Investigation Of Circulation Control By Means Of A 

Turbulent Coandă Jet. Publisher: Washington, D.C., NASA, 1972. 

[16] B. Saeed, G. Gratton, Exploring the aerodynamic characteristics of a blown annular wing for vertical/short 

take-off and landing applications, Proceedings of the Institution of Mechanical Engineers, Part G: Journal 

of Aerospace Engineering, 2011. DOI: 10.1177/2041302510392874 

[17] Valeriu DRĂGAN, Development of a laminar boundary layer model for curved wall jets, INCAS 

BULLETIN, Volume 5, Issue 2/ 2013, pp. 15 – 22, (online) ISSN 2247–4528, (print) ISSN 2066–8201, 

ISSN–L 2066–8201. 2012. DOI: 10.13111/2066-8201.2013.5.2.3 

[18] L. C. Rodman, N. J. Wood, L. Roberts, An Experimental Investigation Of Straight And Curved Annular Wall 

Jets, Stanford University, 1987. 

[19] A. M. O. Smith. Rapid Laminar Boundary-Layer Calculations by Piecewise Application of Similar 

Solutions, Journal of the Aeronautical Sciences (Institute of the Aeronautical Sciences), Vol. 23, No. 10 

(1956), pp. 901-912. 



67 A correction factor for the CEVA laminar flow model 
 

INCAS BULLETIN, Volume 5, Issue 3/ 2013 

[20] Valeriu Drăgan, A New Mathematical Model for Coandă Effect Velocity Approximation, INCAS Bulletin, 

Volume 4, Issue 4, pp. 85 – 92, (online) ISSN 2247–4528, (print) ISSN 2066–8201, ISSN–L 2066–8201. 

2012. DOI: 10.13111/2066-8201.2012.4.4.7. 

[21] C.Berbente, C.Tătăranu, A Polynomial Method for the Calculation of the Laminar Incompressible Boundary 

Layer, Rev. Roum. Sci. Techn. Mec. Appl., Tome 36, Nr. 1-2, p. 19-21, Bucarest, 1991. 

[22] C.Berbente, A Sixth Order Polynomial Method for the Axisymmetric Laminar Boundary Layer in 

Incompressible Flow, Rev. Roum. Sci. Techn. Mec. Appl., Tome 37, Nr.4, p. 369-377, Bucarest, 1992. 

[23] I. Wygnanski, Dynamically altered compliant surface and measuring equipment for use in the control of 

separation by oscilatory means, Final rept. 1 Mar 97-28 Feb 98. Contract Number  F49620-97-I-0143, 

1998. 

[24] B. G.Newman, The Prediction of Turbulent Jets and Wall Jets, Canadian Aeronautics and Space Journal, 

Vol. 15, 1969. 

[25] Newman Ernest B. Keen, A Conceptual Design Methodology for Predicting the Aerodynamics of Upper 

Surface Blowing on Airfoils and Wings, Thesis Master of Science în Aerospace Engineering, Virginia 

Polytechnic Institute & State University, 2004. 

[26] Sandra Arlinghaus, Practical Handbook of Curve Fitting, Publisher: CRC Press, 1994, ISBN-10: 

0849301432, ISBN-13: 978-0849301438. 

[27] P. G. Guest, Numerical Methods of Curve Fitting, Publisher: Cambridge University Press; Reprint edition 

(December 13, 2012), ISBN-10: 1107646952, ISBN-13: 978-1107646957. 

 

 

 


