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Abstract: The behavior of the aircraft within turbulent atmosphere is a key aspect of design. 
Many books and articles deal with this topic. The current paper presents studies related to 
predicting the responses of aircraft flying through vertical gusts. The equations describing the 
dynamics of the longitudinal channel of the airplane are written to include the effect of the 
vertical wind. The paper includes comparisons of results provided by non-linear and linearized 
equations of motion. 
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1. INTRODUCTION 

The effects of the wind on airplanes or rockets have been addressed for many years; they have 
long been included in the FAR and MIL regulations and the main theoretical aspects describing 
wind effects can be found in many reference textbooks and papers, like, for example, Refs. [1-
8]. A comprehensive literature review is beyond the purpose of this paper. Information 
regarding recent wind effects studies can be found in Refs. [7-12] 

Calculating wind effects requires the numerical integration of the airplane’s equations of 
motion, a fundamental aspect in flight dynamics, successfully addressed since the late 1950s. 

Fundamentals of the numerical integration are presented, for example, in Refs. [13-15], 
and improved algorithms are described, for example, in Refs. [16-21]. 

Literature includes both wind effects obtained from the non-linear equations and gusts 
effects obtained from the linearized models, however, no comparisons of these two categories 
of solutions are usually made. 

The main purpose of this paper is related to presenting consistent comparisons of results 
provided by these two types of models (i.e. linear and non-linear). 

This study addresses vertical gust effects on airplane in symmetric longitudinal motion. 
The results presented herein are provided by numerical integrations of the non-linear equations 
of motion and also by the integration of the linearized model. 
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2. THE MATHEMATICAL MODELS 
The main initial effect of the gusts on modern aircraft is related to the changes in the orientation 
of the local airflow, changes that vary over the airplane; moreover, aeroelastic effects are also 
very important, however, adequate descriptions of these two classes of effects require complex 
models and significant computer power. 
 Reasonable descriptions of gust effects, sufficient at the early design phases, can, 
however, be obtained using the rigid airplane as well as the “particle” assumptions, i.e. 
aeroelastic effects are neglected and the wave-length of the atmospheric turbulence is 
considered much bigger that the airplane, hence the gust speed is the same over the entire 
airplane. 

Various models for gust effects exist in the literature, e.g. Refs. [1-8]; the nonlinear model 
discussed below is taken from Ref. [4] and the linearized model is based on equations and 
assumptions from Ref. [1] (however, the nomenclature used here is slightly different). 

2.1 The Non-linear Model 

The main changes of the equations of motion are the change in velocity, and angle of attack, 
the aerodynamic forces being calculated using the relative velocity Vr of the airplane with 
respect to the wind and the relative angle of attack αr measured with respect to Vr as showed 
in Fig.1. 
 

 
Fig. 1 Aircraft in a gust. Geometrical elements (from [4])  
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So, the equations of motion for the longitudinal channel become: 

( ) ( )[ ]

( ) ( )[ ]

γγ
γα

ρ

γααααρταγ

γααααρτα

cos;sin

cC
2

cossincos
2

)sin(  

sinsincos
2

)cos(

m
2

2

2

VxVz
q

SVqJ

mgCCSVTVm

mgCCSVT
dt
dVm

ry

rDrLr

rLrDr

==
−=

=

−−−−++=

−−+−−+=









( ) ( )[ ]

( ) ( )[ ]

γγ
γα

ρ

γααααρταγ

γααααρτα

cos;sin

cC
2

cossincos
2

)sin(  

sinsincos
2

)cos(

m
2

2

2

VxVz
q

SVqJ

mgCCSVTVm

mgCCSVT
dt
dVm

ry

rDrLr

rLrDr

==
−=

=

−−−−++=

−−+−−+=









 

(2) 
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 The aerodynamic coefficients are written as function of the Mach number, (which is 
calculated using the relative velocity), the relative angle of attack and its rate of change, the 
elevator deflection and the pitch rate, 
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2.2 The Linearized Model 

The behavior of an airplane in the gust has also been described using linear models and small 
perturbations assumptions. 

The subsequent development is inspired by the method from Ref. [1] where the gust 
effects are introduced in the linearized equations in a manner similar to controls, i.e. a term 
that includes a gust-induced increase of the angle of attack is added to the equations. 

As is often done in literature, terms describing small effects are neglected, so that 
linearized equations of motion, with gust effects included, become: 
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where, for a vertical gust, 
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 The equations of the stability and control derivatives are widely available in the literature, 
see for example Ref. [1] 

3. RESULTS AND DISCUSSIONS 
A set of numerical integrations of the equations of motion, both for the non-linear and 
linearized models is shown below. 

The initial conditions correspond to the airplane in level flight (constant speed, horizontal, 
straight and balanced), at an altitude of 10km. 

Three velocities were considered, that is 200m/s, 250m/s and 300m/s. The angle ot attack, 
thrust and elevator deflection correspond to this flight. 

The airplane is next subjected to a 5 m/s abrupt vertical ascending gust, step-function type, 
with no attenuation factor and it is assumed that the controls remain constant (both stick and 
throttle). 

As stated before, the gust effects were assumed to be identical over the entire airplane. 
 The aerodynamic data correspond to a hypothetical fighter, with the mass of about 10 
tons, Ref. [22]. 

Both the non-linear and the linearized equations were integrated using 4th order Runge-
Kutta algorithms.  

The data for the first 5 seconds after the plane enters the burst are presented. 
Figure 2 shows the velocity with respect to Earth as provided by the nonlinear model 

(referred to as “exact velocity”) and by the linear equations, together with the relative velocity, 
i.e. the velocity with respect to the air. 

The results are extremely closed and they indicate an extremely small change in velocity. 
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Fig. 2 Velocity of the airplane in the uniform vertical gust 

 
Fig. 3 Angle of attack of the airplane in the uniform vertical gust 

 Figure 3 shows the angle α (measured with respect to V) obtained from the nonlinear 
model (called “exact”) and from the linear equations, as well as the angle αr (measured with 
respect to Vr.) that was obtained from the nonlinear model. The values of α provided by the 
non-linear and the linearized equations are almost identical and they indicate a fast damping 
of the perturbation. This was expected, as the airplane was known to be stable. Also, the 
nonlinear model showed that the angle αr is higher than α (as expected for an airplane in a 
vertical ascending gust) and the difference ( )rα α−  is very closed to the ( )GUST

α∆  that was 
utilized to model the gust effect in the linearized model. 
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Fig. 4 Pitch angular velocity of the airplane in the uniform vertical gust 

 Figure 4 displays the pitch angular velocity, q, obtained from the nonlinear model (in the 
graphs, these values were called “exact”) and from the linear equations. Same as before, 
differenced between the results provided by the non-linear and the linearized model are small 
and both models indicate (as expected) a fast damping of the perturbations. 
 Figure 5 depicts the slope of the airplane, again, obtained from the nonlinear model (called 
“exact”, same as before) and from the linear equations. The results are closed, the average 
value of the slope obtained form the nonlinear model being about 0.750 to 1.250 higher that the 
values obtained from the linearized equations. 
 Figure 6 shows trajectories of the airplane in the vertical gust, obtained from the nonlinear 
model, for a time of 180 seconds. 

 
Fig. 5 Slope of the airplane in the uniform vertical gust 
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Fig. 6 Trajectories of the airplane in uniform vertical gust 

4. CONCLUSIONS 
The current paper presents studies on predicting the responses of aircraft flying through 
vertical gusts. The equations describing the dynamics of the longitudinal channel of the 
airplane are written to include the effect of the vertical wind. The paper includes 
comparisons of results provided by non-linear and linearized equations of motion. The 
numerical results show that, within the limit of this paper, gust behavior predicted by 
the linear model is close to the results obtained from the non-linear equations, so the 
data from the nonlinear analysis confirm the assumptions embedded in the linearized 
gust modeling.  
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