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Abstract: One of the major engineering tasks is to evaluate the structural behavior when one of the 
components has failed. In such cases it is necessary to carry out fail-safe analysis to evaluate if the 
structure can be used safely in loading conditions. Thus, fail-safe analysis is a vital and important task 
to properly validate the mechanical structure. The implementation of the fail-safe analysis using the 
finite element method is usually done by eliminating the given component from the finite element model 
and carrying out the given analysis. But when due to finite element modeling issues such an approach 
cannot be carried out without causing singularities in the model, another approach should be used to 
perform the fail-safe analysis. One such method, presented in this paper, is the zero stiffness method, 
which applies near-zero stiffness to the structural component that is removed from the finite element 
model. The zero stiffness method is used by applying close to zero values to the material and element 
properties, and thus reducing the load that is in the given structural component. 
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1. INTRODUCTION 

It is very important to carry out a fail-safe analysis of primary high-performance structural 
components, such as those found in aerospace structures. Numerous studies have been realized 
on the use of /fail-safe analysis in aerospace applications, and a general definition has been 
given. Fail-safe analysis means that the structure has been evaluated to ensure that a 
catastrophic failure or excessive structural deformation, which could adversely affect the flight 
characteristics of an aircraft, is not likely after a fatigue failure or obvious partial failure of a 
single major structural element [1]. 

The fail-safe analysis method has been investigated in numerous research works and it 
has been concluded that structural components to fail are influenced by many factors such as 
loading case scenarios and the complexity of the structure. 

Herein, the more complex a structure is, the less harmful impact the failure of a structural 
component will have on the operation of that given structure. 
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Local failure of the structure can cause a redistribution of the load pattern, weakening the 
local structure, but not necessarily failure, which means that the structure can take the load 
without complete structural failure [2-5]. Economic reasons are also very important to take 
into consideration. It is vital to predict the amount of damage a structural component can 
withstand and when it should be considered replaceable, or situations where just a local repair 
is sufficient to reduce damage. 

Computer algorithms were built to simulate the effect of local failure and to give a better 
understanding of local failure processes. In recent decades, reduced and zero stiffness 
characteristics were introduced in finite element solvers with the purpose of structural 
optimization. On that account, material stiffness is reduced taking into consideration the load 
pattern, and the mechanical structure is optimized by reducing the local structural stiffness of 
the part via material mechanical properties, more specifically the Young’s modulus and 
Poisson’s ratio. The structures optimized in this way are then tested in the given loading 
conditions and the optimum form is determined by the critical load case scenario. 

However, we must not make a confusion between structural optimization and fail-safe 
analysis. By structural optimization, a given mechanical part is computed in such ways that an 
optimum shape is determined, usually by means of economic reasons but also to reduced 
weight, which is especially important in the field of aerospace engineering or material cost 
estimation. But that does not mean that a local failure of the mechanical part cannot cause total 
or partial failure, rendering, thereby, the results of the optimization with little or no impact in 
the safe exploitation of the structure for the given critical loading scenario. 

Fail-safe analysis, on the other hand, does not mean that a structural component or 
structural system is economically optimized. It means that the mechanical system has been 
designed in such a way that a local or partial failure of the structure does not affect the safety 
of the whole structure, but that is economically conservative since it does not lead to the loss 
of the whole mechanical structure. Thereby, a structure computed in a fail-safe analysis is not 
necessarily the optimum solution since it must reduce the chance of catastrophic failure by 
increasing the complexity of the structure, by adding more parts to it. A fail-safe analysis can 
be further complicated by considering additional computational parameters like stress 
concentration factors, which make the computation more expensive, in both time and 
resources. 

2. PURPOSE OF THE ARTICLE 

The main purpose of the article is to present an alternative way of applying the fail-safe 
analysis using the zero stiffness method for a fail-safe analysis application. The problem 
presented in this paper is based on a mechanical structure which was designed after a real 
world application, but only the concept of the method application is presented. 

The mechanical system in question is made out of two plates held together by six 
fasteners. A load is applied to the structure and it is checked if, by taking out the middle two 
fasteners, by elimination or by applying zero stiffness to them, the results are comparable in 
terms of: 

-shear forces;  
-local structural stresses around the holes using fracture mechanics principles. 

The obtained numerical results are then validated by classical hand calculation methods 
from Strength of materials and Machine elements handbooks. 

A detail of the application of the method is presented in this article by showing the 
NASTRAN card declaration for zero stiffness using the PBUSH card. The following 
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application is compared with a finite element model simulation using the Nastran finite 
element solver. The finite element model was built using Altair HyperMesh and the results 
were processed using MSC Patran. 

3. MODEL DESCRIPTION 
The employed geometric model is made up of two bodies: a plate and a plate wall support. 
The two plates are linked together using 6 steel fasteners, as presented in Fig. 1. 

 
Fig. 1 – CAD model 

The two plates are made of standard aluminum and the fasteners are made of standard 
steel. The wall support has all translational degrees of freedom locked. The geometry of the 
two parts is presented in Fig. 2. 

To be noted that the wall support has no particular purpose in the model besides serving 
as support. 

The wall part has a thickness of 10 mm, the top part 8 mm and the fasteners have a 
diameter of 8 mm. A higher thickness is considered for the wall so as to increase its stiffness. 

 
Fig. 2 – Geometry model 

The top plate is modeled using hexa8 elements, where three rows of elements are used to 
capture the bending behavior. 

The support plate is made with quad4 elements. The two parts are joined together with 
elastic CBUSH elements linked with the wall support by RBE3 elements. A representation of 
the finite element model is shown in Fig. 3. 

Fastener 1 

Fastener 2 

Fastener 4 

Fastener 3 
Fastener 5 

Fastener 6 

Plate thickness 
Wall Support 

thikness 
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Fig. 3 – Finite element model 

The load conditions were considered by applying a 68000 N load on the CBEAM elements 
which are simulating the bolts. The loading condition is presented in Fig. 4. 

 
Fig. 4 – Finite element loading conditions 

2 CBUSH elements 

2 RBE3 Elements 
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4. MATERIAL PROPERTIES 
There are two materials used in the analysis: steel and aluminum. The material data used [6] 
are presented in Table 1. 

Table 1 – Material characteristics data 

Material name Young’s modulus [MPa] Poisson’s ratio 
Steel 200000 0.29 
Aluminum 72000 0.33 
 

The Plate and Wall Support have the aluminum material applied, while the steel material 
properties are used to compute the translational stiffness components of the fasteners. 

5. IMPLEMENTATION OF THE ZERO STIFFNESS METHOD 
To validate the usage of the zero stiffness method, three finite element models were made 
which all have different properties applied on the two middle stiffness CBUSH elements. The 
ID and locations of the beams are presented in Fig. 5. 

 
Fig. 5 – Result extraction CBUSH locations 

Using this description, the shear loading on the beams takes place on the upper fasteners, 
between the two parts. 

Thus, three finite element models are made. In the first model, all fastener elements have 
steel stiffness properties applied. In the second, near zero stiffness is applied on middle four 
CBUSH elements. In the third model, the middle four elements are deleted and the model is 
examined. 

The zero stiffness method is implemented by applying near zero stiffness on the four 
beams, by making the stiffness of the PBUSH elements equal to 0.001 N/mm. 

Position of modified CBUSH elements 
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6. ANALYTICAL CALCULATION OF STIFFNESS 
For implementing the zero stiffness method, the CBUSH element was used due to the fact that 
it allows the controlled introduction of the stiffness in the model. As a short description, 
CBUSH is a Nastran spring element allowing manual definition of stiffness components, 
namely the three translational stiffnesses, K1, K2, K3 (on X, Y, Z directions) and the three 
rotational ones K4, K5, K6. 
In the PBUSH entry, a local coordinate system is defined in order to specify CBUSH stiffness 
orientation, as presented in Fig. 6. For the present model, only the translational stiffnesses 
were considered [7], [8]. 

 
Fig. 6 – CBUSH element and local axes system 

The stiffness of CBUSH element is computed using the Huth formulation. This formulation is 
used in industrial applications and it is estimated that it gives a small margin of error. Other 
methods are also presented for estimation of stiffnesses. A short summary of these methods 
can be found in refence [9]. 
The Huth method calculates the stiffness using the following analytical formulas: 
For the longitudinal stiffness K1: 

𝐾𝐾1 =
𝐸𝐸 ∙ 𝑆𝑆
𝐿𝐿

 (1) 

where: 𝐾𝐾1 – longitudinal stiffness [N/mm]; 𝐸𝐸 – Young’s modulus [N/mm2]; 𝑆𝑆 – transversal 
area [mm2]; 𝐿𝐿 – element length [mm]. 
According to the Huth formulation, the translational stiffness for direction two and three are 
equal to one another: 
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𝐾𝐾2 = 𝐾𝐾3 =
1
𝐶𝐶

 (2) 

where 𝐶𝐶 is the elasticity of the fastener [mm/N]. 
Using Huth’s approach, the elasticity of the fastener is computed with the following formula: 

𝐶𝐶 = �
𝑡𝑡1 + 𝑡𝑡2

2 ∙ 𝑑𝑑
�
𝑎𝑎
∙
𝑏𝑏
𝑛𝑛
∙ �

1
𝑡𝑡1 ∙ 𝐸𝐸1

+
1

𝑛𝑛 ∙ 𝑡𝑡2 ∙ 𝐸𝐸2
+

1
2 ∙ 𝑡𝑡1 ∙ 𝐸𝐸2

+
1

2 ∙ 𝑛𝑛 ∙ 𝑡𝑡2 ∙ 𝐸𝐸3
� (3) 

where: 𝑡𝑡1 – thickness of plate 1 [mm]; 𝑡𝑡2 – thickness of plate 2 [mm]; 𝐸𝐸1 – Young’s modulus 
of plate no. 1 [N/mm2]; 𝐸𝐸2 – Young’s modulus of plate no. 2 [N/mm2]; 𝐸𝐸3 – Young’s modulus 
of fastener [N/mm2]; 𝑑𝑑 – fastener diameter [mm]; 𝑛𝑛 – number of shear sections; 𝑎𝑎 – 
experimental constant, the value for bolted joint is 2/3; 𝑏𝑏 – experimental constant, for metallic 
material it is equal to 3. 
Using the material data and the formulas presented above, the stiffness values can be 
computed. The obtained results are presented in Table 2.  

Table 2 – Stiffness calculation for CBUSH element 

Part Material Diameter t1 [mm] t2 [mm] L [mm] E3 [MPA] E1=E2 [MPA] Area [mm2] 
Fastener Steel 8 8 10 80 200000 72000 50.26 
 

Element length K1 [N/mm]  n a b C [mm/N] K2=K3 [N/mm] 
5 2010619 1 0.67 3 1.37744E-05 72598.53 
 

For the second computational case, the stiffness value was considered to be 0.001 N/mm. 
A description of the PBUSH Nastran card is presented in Fig. 7 and 8. Fig. 9 displays the 
PBUSH application on the CBUSH element. 

 
Fig. 7 – PBUSH Card for First and third case analysis 

 
Fig. 8 – PBUSH Card for second case analysis 

 
Fig. 9 – CBUSH Card for second case analysis 
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For the purpose of this article, the rotational stiffness is not considered because it has relatively 
minor influence on results. 

7. ANALYTICAL COMPUTATION OF LOADS 
To validate the results, the classical computation used for mechanical components is used. 
Thereby, for both cases the following loads will be applied on each fastener [10], [11]. 
Shear load for case 1: 

𝐹𝐹1𝑖𝑖 =
68000

6
= 11333 N (4) 

Shear load for case 2 and 3: 

𝐹𝐹23𝑖𝑖 =
68000

4
= 17000 N (5) 

8. POSTPROCESSING OF THE RESULTS 
After completing the finite element simulation on the three cases, the following results were 
obtained.  

The areas of interest are the beams on the shear portion of the model [12]. For the first 
model with all six fasteners, the following results were gathered: 

 
Fig. 10 – First model run results 

The computed error is: 

𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀_1 = �
11333 − 13247

11333 � ∙ 100 = 16.88 % (6) 

For the second model with near zero stiffness on the middle fasteners, the results are 
displayed in Fig. 11. 
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Fig. 11 – Second model run results 

The computed error in this case is: 

𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀_2 = �
17000 − 18398.7

17000 � ∙ 100 = 8.23 % (7) 

For third model with near zero stiffness on middle fasteners. 

 
Fig. 12 – Third model run results 

In the third case, the computed error is equal to the one in model 2. 

9. VALIDATION OF THE METHOD USING FRACTURE MECHANICS 
PRINCIPLES 

Stress around a hole in a plate can be approximated as 3 times the nominal stress, 𝑘𝑘𝑡𝑡 = 3. The 
local nominal stress is composed of the tension stress in an unnotched specimen summed with 
the bearing stress acting on the hole [13], [14]. Thus, the nominal stress can be computed as: 

𝜎𝜎𝑛𝑛𝑛𝑛𝑛𝑛 = 𝜎𝜎𝑡𝑡 + 𝜎𝜎𝑏𝑏 (8) 
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where: 𝜎𝜎𝑛𝑛𝑛𝑛𝑛𝑛 – nominal stress [MPa]; 𝜎𝜎𝑡𝑡 – tension stress in unnotched specimen [MPa]; 𝜎𝜎𝑏𝑏 – 
bearing stress [MPa]. 
The finite element stress around the hole is computed as a product between the nominal stress 
and the stress concentrator coefficient. Such a computation is an engineering hypothesis. The 
scientific literature in fracture mechanics offers more detailed methods for approximating the 
value of 𝑘𝑘𝑡𝑡. One of the formulas proposed is: 

𝑘𝑘𝑡𝑡 = 𝐹𝐹 ∙ √𝑟𝑟 ∙ 𝜋𝜋 (9) 

where: 𝐹𝐹- computational coefficient, usual value between 1-1.12; 𝑟𝑟 – hole radius [mm]. 
Eq. (8) can be written, expanding the terms: 

𝜎𝜎𝑛𝑛𝑛𝑛𝑛𝑛 =
𝑇𝑇
𝑆𝑆

+ 𝐹𝐹𝑠𝑠ℎ ∙ 𝑑𝑑 ∙ 𝑡𝑡 (10) 

where: 𝑇𝑇 – tension force in plate [N]; 𝑆𝑆 – transversal area [mm2]; 𝐹𝐹𝑠𝑠ℎ – shear force [N]; 𝑑𝑑 – 
hole diameter [mm]; 𝑡𝑡 – plate thickness [mm]. 
The finite element stress around the hole is computed using the formula: 

𝜎𝜎𝑓𝑓𝑓𝑓𝑓𝑓_ℎ𝑜𝑜𝑜𝑜𝑜𝑜 = 𝑘𝑘𝑡𝑡 ∙ 𝜎𝜎𝑛𝑛𝑛𝑛𝑛𝑛 = 3 ∙ 𝜎𝜎𝑛𝑛𝑛𝑛𝑛𝑛 (11) 

For the first case of computation, the analytical calculation of the stress around the hole is: 

𝜎𝜎𝑓𝑓𝑓𝑓𝑓𝑓_ℎ𝑜𝑜𝑜𝑜𝑜𝑜_1 = �
68000
8 ∙ 80

+
11333

8 ∙ 8
� ∙ 3 = 850 MPa (12) 

 
Fig. 13 – Stress around hole – Case 1 

The computed error is: 

𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀_1 = �
850 − 767

850 � ∙ 100 = 9.7 % (13) 

For the second and third cases where there are four fasteners, the stress value is: 

𝜎𝜎𝑓𝑓𝑓𝑓𝑓𝑓_ℎ𝑜𝑜𝑜𝑜𝑜𝑜_23 = �
68000
8 ∙ 80

+
17000

8 ∙ 8
� ∙ 3 = 1115 MPa (14) 
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The stress around the hole for the second case is presented in Figure 14. 

 
Fig. 14 – Stress around hole – Case 2 

𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀_2 = �
1115 − 1032

1115 � ∙ 100 = 7.4 % (15) 

 
Fig. 15 – Stress around hole – Case 3 

The error computed in case 3 is equal to the error in case 2. 

10. CONCLUSIONS AND REMARKS 
The current study has presented in a comparative manner the application of the zero stiffness 
method in the fail-safe analysis of mechanically-fastened joints in aerospace structures. 
After analyzing the results obtained, the following conclusions can be drawn: 

1. For the linear static analysis, the zero stiffness method can be very well used for fail-
safe analysis if/in case the finite element model proves to be unstable. 
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2. The results obtained from the usage of zero stiffness method and classical fail-safe 
analysis for fastener design yields identic results. 

3. The implementation of the zero stiffness method is very accessible in the case of the 
MSC Nastran solver. It was made by reducing to almost zero the values of the 
stiffnesses, by using CBUSH elements. 

4. bdf files allow for quick and easy evaluation and or modification of the solver data, 
thus such changes can be made even without the usage of a graphical preprocessor 
finite element program. 

5. Using the Huth formula allows the analytical declaration of stiffness matrix. 
6. Two methods were used to validate the results obtained, one using the shear force and 

the other based on the calculation of stress around holes. 
7. The accuracy of the validation lies between 8.23-16% for the shear force method and 

7.4-9.4% for the second method, thereby the best results were obtained for the second 
method based on fracture mechanics principles. 

8. Using the presented engineering hypotheses, the best results were obtained for the 
second method. 
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