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Abstract: The plane non-stationary problem of the dynamics of a thin elastic shell in the form of a
hyperbolic cylinder immersed in a liquid under the action of an oblique acoustic pressure wave is
considered. To solve this problem, a system of equations is constructed in a related statement. In this
case, hydroelasticity problems are reduced to equations of shell dynamics, the damping effect of the
liquid (dissipation effect) is taken into account by introducing an integral operator of the convolution
type in the time domain. The problem is solved approximately on the basis of the hypothesis of a thin
layer taking into account the damping forces in the liquid. The integro-differential equations of shell
motion are solved numerically based on the difference discretization of differential operators and the
representation of the integral operator by the sum using the trapezoid rule. The kinematic and static
parameters of the system are given.

Key Words: non-stationary dynamics, damping in a liquid, first-order theory, transitional surface
functions, damping effect of a liquid

1. INTRODUCTION

An important problem of modern mechanics is the study of the non-stationary interaction of
shock waves propagating in continuous media with various deformable barriers. Research in
this area is of considerable interest both from the point of view of developing mathematical
methods for solving initial-boundary-value problems of mechanics, and for a number of
technical applications, in particular, the calculation of thin-walled structural elements loaded
by shock waves in a fluid.

Here we study the dynamic behavior of a thin-walled elastic isotropic shell in the form of
a hyperbolic cylinder immersed in a liquid and exposed to acoustic shock waves. The main
focus is on the construction of approximate models of the interaction of a deformable shell
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with a wave diffracting on it. The main mathematical apparatus developed in the work is the
transition functions — the fundamental solutions of the non-stationary initial-boundary-value
problem of diffraction of an acoustic medium on a smooth convex surface.

Application of the transition functions provides a transition from solving the associated
non-stationary problem of joint motion of the acoustic medium and the deformable obstacle
to solving the problem only for the obstacle, the mathematical model of which takes into
account interaction with the external environment in the form of integral relations. Thus, the
dimension of the problem is reduced. This makes it possible to significantly simplify the
numerical solution on the basis of the finite-element or finite-difference approach, and in some
important particular cases, to construct analytical solutions and estimate the error introduced
by the accepted hypotheses. Therefore, the solution to the problem is based on the apparatus
of the transition functions, which are fundamental solutions to the non-stationary initial-
boundary-value problem of diffraction of an acoustic medium on a smooth convex surface.

The problem of diffraction of a non-stationary plane oblique pressure wave by a thin
elastic shell in the form of a hyperbolic cylinder placed in an acoustic medium is considered.
To determine the hydrodynamic pressure acting on the shell, a transition function constructed
on the basis of the thin layer hypothesis is used [1], [2], [3], [4]. The integration of the
equations of motion of a shell of the Tymoshenko type obtained using the Maple 9.0 software
environment is carried out with the finite-difference method using Matlab 6.5 [5], [6], [7]

2. MATERIALS AND METHODS

The mathematical formulation of the problem has the following form:
—acoustic environment (Egs. (1-2)) [1]:

%+ZBZ—T=A@,p=Z—f,v=grad(p 1)
Plr=0 = E;_(_E lt=0 =0 2
— elastic isotropic thin shell (Egs. (3-5)):
%Lii (u;) + (ps + P)8i3, (1,j = 1,2,3) 3)
Uilr=0 = % lt=0 =0 (4)
N ()] = 0, (k = 1,2) 5)

Here ¢ is the velocity potential in an acoustic medium, p is the pressure in the reflected
and radiated waves, v is the velocity vector of the acoustic medium, u; are the generalized
displacements of the middle surface of the shell, L;; are the known differential operators
determined by the geometry of the shell, §;; is the Kronecker delta, {3 is the parameter that
determines dissipation in a liquid [8], [9], [10], [11]. Equations (5) determine, with the help of
operators N™ (u;), the boundary conditions depending on the shape of the shell and its
fastening in space.

Next, the problem is solved in a dimensionless form. Moreover, all linear dimensions are
assigned to the focal distance a velocities to the speed of sound in an acoustic medium cy,
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quantities having a pressure dimension to a complex pycZ, time t to tcy/a. From the
conditions of the joint motion of the shell and adjacent particles of the acoustic medium, the
conditions of non-leakage follow (Eg. (6)):

dw  do, [0}

R - 6

ot  0On I ot I (©)

Here . is the potential velocity of the wave incident on the shell, 3/ on is the derivative
along the external normal to the shell, w is the deflection of the shell. The pressures p; and p,
in both the reflected and radiated waves can be found using the transition function G (x*, 1)

constructed in the framework of the thin layer hypothesis (an asterisk denotes the convolution
operation in time 1) (Egs. (7-9)).

_99.(8,0,0)

(L) = — Gp (', D (7
0
P80 = = (6,0 Gy 6L, D) ®)
0G(x1, 1)

P =p1+P2GELT) = pramlt €)

Moreover, the influence function G(x?!, ) satisfies the following initial-boundary-value
problem (Egs. (10-12)):

9%G aG
— —=c (10)
012 +28 ot CoAgG
aG
|‘[=0 = E |‘[=0 = (11)
aG
% |, = 6(1),G(r,T) =0(1)asr - (12)

Fig. 1 - Parameterization of cylindrical surfaces

3. RESULTS AND DISCUSSIONS

In flat problems, we assume that the surface IT is a cylinder with a guide I' and a generatrix
parallel to the axis Ox? (Fig. 1) of a rectangular Cartesian coordinate system and take the form

(Eq. (13)):
7 (1) =1y (&) + x%e, (13)
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where (Eq. (14)):

I:15(8) = xle; + x3e3,£ € w (14)

Moreover, the curvilinear coordinate system has ¢ = §, &2 = x1, &3 = n (Egs. (15-16)):
r=x'e; = 19(§) + x%e; — 1y (5) (15)

Ty = x'e;,ng =nbe;,nd =1 (16)

where 1, () is radius vector of the curve I, and ny(§) is unit normal vector.
To determine the transition function G(f t ‘r) in the constructed coordinate system (&,7),
we obtain the following initial-boundary-value problem (Egs. (17-19)):

OZG+2 aG_1[a (16G)+ 0 (HGG)] 17)
012 Bar " Hloan\Hon/ o\ on
oG
G|T=O = E |'r:O =0 (18)
aG
n ln=0 = 6(1), G(r,T) = 0(1),n > o0 (19)

We introduce the curvilinear coordinate system (&,n) associated with the curve T'. Let
15(&) be the radius vector of the curve I', and ny (&) be the vector of the unit normal to the
shell surface in the form of a parabolic cylinder. Then the curvilinear coordinate system is
defined as follows (differentiation is indicated by a subscript) (Eq. (20)):

r(§,m) =r1o(§) —nny(§) (20)
The components of the metric tensor take the form (Eq. (21)):
g1 = Hf = ?*[1+ 2nk + (Mk)?], 812, = 0,82, =HZ = 1 (21)
where (Eq. (22))
k= k(¥) (22)

is curvature of the I curve.

In a first approximation, we can assume that the main contribution to the hydrodynamic
load comes from the medium moving along the normal to the surface [1], [2], [3], [4]. In this
case, the motion of the medium along the I' surface can be neglected. Therefore, the derivatives
with respect to the coordinate ¢ can be set identically equal to zero, and the Laplace operator
can be calculated on the surface of the cylinder n = 0. So the initial-boundary-value problem
(Egs. (17-19)) will have the form (Egs. (23-25)):

Y ) aG _ cf [6 (H 6G)] o 23)

o T Pt T hy lan\ " an
aG
G|T=O = E |'r:O =0 (24)
aG
I ln=0 = 6(1),G(r,t) = 0(1),n > (25)
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The transition function of the effect G,(&,n) on the obstacle T surface is found by the
operational method and has the form (Eq. (26)) [2]:

Gol6,m) = K@) — k() [ @42 =0 0, @)de (26)
0
where (Egs. (27-28)) is:
1— —2ft
O, (1) = 2e—s (27)
®, (1) = e 27y (k(D)2 - B2) (28)

In this case, the expressions for the pressure in the reflected and radiated waves taking
into account Eqs. (7-8) are represented as (Egs. (29-31)):

"99.(5,0,t — )
p1(§n) = — fo TGP(El,t)dt (29)
Tou, (8Lt —1t)
Pa(EL ) = — fo G (30)
0Gy (¢,
6,6 ) = 220 e

The pressure behind the wave front in the coordinate system Ox!(i = 1,2) is given by the
relation (Egs. (32-33)) [2]:

p.(x", 1) = poH(z — f(x',9)) (32)
f(x%,9) = x'cos9 + x?sin9 + C (33)

Here the constant C determines the position of the wave front at the initial moment of time
T = 0; po is amplitude pressure. To determine the constant C and coordinates of the point of
tangency, we obtain the following system of equations (Egs. (34-35)) [3]:

x1(€))cosd + x2(E})sind + C =0 (34)
10¢l 10¢l
%;f)cosﬂ + dxd—g())sinﬁ =0 (35)

where & is the touch point parameter A.
The potential velocity of the incident wave ¢.(x',7) (Eg. (36)) corresponds to the
pressure (Eq. (32)):

@, (x5, 7) = —po(r — f(x5,9))4 (36)

For the derivative normal to the surface of the incident wave potential from Eq. (37) we
obtain (Egs. (37-38)):

dp. (¢4 T af (x7,9) ax* .
%M:o = Po %W (T - f(xf,ﬁ)) In=0 37)

= po(nycosd + n3sind)H (T - fo(fj'ﬁ))
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fo(859) = F(x'(§7), Dly=0 (38)
Subject to Egs. (37-38) the pressure in the reflected wave is determined by the equality
(Eq. (39)):

=fo(g9)
p1(E 1) = —po(ngcosY + n3sind) J G,(&, t)dt (39)
0

= —po(ngcosI + n§sind) Go(§,7 — fo(€,9))

where the function Gp(fl,o, 7) is understood instead of G,(¢,7) with the average surface
curvature k(&)/2. Equation (39) allows approximately, within the framework of the thin layer
hypothesis, to determine the reflected pressure in diffraction problems.

Let us consider an example of solving the problem of diffraction of a plane oblique
pressure wave by various obstacles. At the initial moment of time T = 0, the shell and the
medium are in an unperturbed state, which corresponds to homogeneous initial conditions
(Egs. (2) and (4)).

Let us consider the problem of diffraction of a plane step pressure wave by an elastic rigid
stationary curvilinear obstacle [12], [13], [14], [15]. An oblique plane acoustic wave with a
front making an angle v with the axis Ox* touches at the point A (Fig. 2) the surface of the
cylinder with the guide T at the initial moment of time.

X2 =px!

Fig. 2 - Plane oblique pressure wave on the shell in the form of a hyperbolic cylinder

This surface in a Cartesian rectangular coordinate system Ox' with the asymptote (Eq. (40)):

x? = px! (40)
has the form (Eq. (41)):
F:x1=%\/mx2=f,€ER (41)
where (Eq. (42)):
= tan(p/2) (42)

(¢ is the angle between the asymptotes of the hyperbola).
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The expression for the curvature and the components of the normal vector are determined
by the expressions for the case of a planar problem (Egs. (43-44)):

2

- 43

s [§2(1 + p?) + p] ()

L (e S I = (44)
VHE(L+p?) + pt VHE(L+ ) + pt

The coordinate of the touch point &, and the constant C are determined from Egs. (34-35)
and have the following form (Eq. 45):

B n?sind
° Jcos?9 — pZsin?d’
Figure 3 shows the spatio-temporal distribution of pressure p(g, T) under the action of a

plane direct pressure wave (9 = 0,p, = 1) on a hyperbolic obstacle in an acoustic medium
under the action of a single pressure jump (§, = 0, C = —1).

P&, 1)

C = —/cos29 — p2sin29 (45)

\}\\}\!{\&\}\!ﬁ\\\\\\vﬂ\

Fig. 3 - Space-time pressure p(&, T) distribution

Shown in Figs. 4 and 5 are sections of this graph for various values € and T, respectively.
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Fig. 4 - Temporal pressure p (&, T) distribution
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Fig. 5 - Spatial distribution of pressure p(E, T) at various points in time

The resolving equations for the shell can be written in the operator form (Egs. (46-47)):
82

W=Lu+p (46)
L=C d +Bd+A (47)
C T dEr T T dk

suitable for numerical solution of a discrete analogue of a problem (L is a linear operator of a
problem, p is a vector function of the right-hand sides) [5].

In the general case, the construction of resolving Egs. (46-47) in curvilinear coordinates
associated with a surface of arbitrary shape, is very difficult.

At the same time, the use of computer algebra systems that support the basic operations
of tensor analysis allows us to automate the transition from the general formulation of the
problem to its operator record in a specific coordinate system.

In this case, the Maple 9.0 computer algebra system with the Tensor extension package
was used.

The results of the solution are presented in Figs. 2-5 for steel thin shell in the form of a
hyperbolic cylinder (density = 7200kg/m?, modulus of elasticity E = 2 - 10 MPa, Poisson
coefficient v = 0.3, shell thickness h = 0.01m, ratio between semiaxes b/a = 0.5), placed in
water (density p, = 1000kg/m3, sound speed c, = 330m/s, f = 0.1). The pressure
intensity at the front of the incident wave at the initial time (Eq. (48)) is:

po = 10*Pa (48)

Shown in Figs. 6-7 are the dependences of the deflection and normal velocity of the shell
on the dimensionless time at the frontal point and the point of contact.

Figure 8 shows the time dependence of the total pressure on the shell at various points of
the shell.
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3
3.5r —— =0 i

dw/dz

T

Fig. 7 - Normal shell speed %’f)

T
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Fig. 8 - Total pressure p(t, )
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4. CONCLUSIONS

The following items were obtained in the present research:

— an approximate model of diffraction of an acoustic pressure wave on an elastic and
rigid obstacle in the form of a hyperbolic cylinder was built;

— afundamental solution to the problem of diffraction of an acoustic pressure wave on
a canonical surface of the second order in the form of a hyperbolic cylinder was obtained in
special functions;

— anumerical method for solving the obtained integro-differential equations of motion
of an elastic shell interacting with an acoustic medium taking into account damping in a liquid
has been developed:;

— the non-stationary deformed state of thin shells of variable curvature in the form of a
hyperbolic cylinder interacting with weak shock waves, based on the developed method, was
studied;

— the integro-differential equations of motion of the elastic shell are obtained taking into
account the interaction with the ideal fluid.

The obtained solutions (Figs. 6-8) show that taking damping in a liquid into account
reduces the static and kinematic parameters of the system (marked with the symbol - A).

ACKNOWLEDGMENTS

This paper was funded by the Russian Scientific Fund grant (project No. 17-79-20105) at
Moscow Aviation Institute.

REFERENCES

[1] A. L. Medvedsky and L. N. Rabinsky, The method of surface influence functions in non-stationary diffraction
problems, MAI Publishing House, 2007.

[2] A. G. Gorshkov, S. I. Zhavoronok, A. L. Medvedsky and L. N. Rabinskiy, The flat problem of diffraction of an
acoustic pressure wave on a thin orthotropic panel placed in a hard screen, Bulletin of the Russian Academy
of Sciences, no. 1, pp. 209-220, 2003.

[3] S. I. Lark, M. Yu. Kuprikov, A. L. Medvedsky and L. N. Rabinsky, Numerical and analytical methods for
solving problems of diffraction of acoustic waves on absolutely solid bodies and shells, FIZMATLIT, 2010.

[4] L. N. Rabinskiy, Transient problem for diffraction of acoustic cylindrical pressure wave on thin elliptic shell
considering dissipation effect, Periodico Tche Quimica, vol. 15, no. 1, pp. 471-481, 2018.

[5] S. I. Zhavoronok, On the use of extended plate theories of Vekua — Amosov type for wave dispersion problems,
International Journal for Computational Civil and Structural Engineering, vol. 14, no. 1, pp. 36-48, 2018,
DOI: 10.22337/2587-9618-2018-14-1-36-48.

[6] N. A. Bulychev, M. A. Kazaryan and V. V. Bodryshev, Application of methods for analyzing images of
nanoparticles in transmitted light to study their properties, 2019, Awvailable at:
https://www.spiedigitallibrary.org/conference-proceedings-of-spie/11322/113221C/Application-of-
methods-for-analyzing-images-of-nanoparticles-in-transmitted/10.1117/12.2550773.short.

[7]1 A. V. Makarenko and E. L. Kuznetsova, Energy-efficient actuator for the control system of promising vehicles,
Russian Engineering Research, vol. 39, no. 9, pp. 776-779, 2019.

[8] D. Filimonova, T. Shevgunov, and E. Efimov, A fast algorithm for polynomial E-pulse synthesis, Proceedings
International Radar Symposium, vol. 2016, article number 7497325, 2016.

[9] B. A. Antufiev, O. V. Egorova, A. A. Orekhov and E. L. Kuznetsov, Dynamics of a clamped ribbed plate under
moving loads, Periodico Tche Quimica, vol. 15, no. 1, pp. 368-376, 2018.

[10] A. Mustafin, and A. Kantarbayeva, A catalytic model of service as applied to the case of a cyclic queue,
Izvestiya Vysshikh Uchebnykh Zavedeniy. Prikladnaya Nelineynaya Dinamika, vol. 27, no. 5, pp. 53-71,
2019.

[11] A. N. Astapov, E. L. Kuznetsova, and L. N. Rabinskiy, Operating capacity of anti-oxidizing coating in
hypersonic flows of air plasma, Surface Review and Letters, vol. 26, no. 2, article number 1850145, 2019.

INCAS BULLETIN, Volume 12, Special Issue/ 2020



77 A plane oblique pressure wave on the shell in the form of a hyperbolic cylinder

[12] A. A. Skvortsov, A. M. Orlov, V. A. Frolov, L. I. Gonchar, and O. V. Litvinenko, Influence of magnetic field
on acoustic emission in dislocation-containing silicon under current loading, Physics of the Solid State, vol.
42, no. 10, pp. 1861-1864, 2000.

[13] V. F. Formalev, S. A. Kolesnik and E. L. Kuznetsova, Approximate analytical solution of the problem of
conjugate heat transfer between the boundary layer and the anisotropic strip, Periodico Tche Quimica, vol.
16, no. 32, pp. 572-582, 2019.

[14] V. F. Formalev, S. A. Kolesnik and E. L. Kuznetsova, Mathematical modeling of a new method of thermal
protection based on the injection of special coolants, Periodico Tche Quimica, vol. 16, no. 32, pp. 598-607,
2019.

[15] A. Babaytsev, V. Dobryanskiy and Y. Solyaev, Optimization of thermal protection panels subjected to intense
heating and mechanical loading, Lobachevskii Journal of Mathematics, vol. 40, no. 7, pp. 887-895, 2019,
DOI: 10.1134/S1995080219070059.

INCAS BULLETIN, Volume 12, Special Issue/ 2020



