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Abstract: The interaction of a sandwich plate with a damped cylindrical wave in the ground has been
investigated. A sandwich plate is considered as a model of a barrier in the ground, described by a
system of equations by V. N. Paimushin, placed in the ground dividing it into two parts. The plane
problem formulation is considered. The boundary conditions correspond to the hinge attachment of the
barrier, and the initial conditions are zero. A cylindrical damped wave is considered as an external
influence. To describe the ground movement, the equations of the elasticity theory, the Cauchy relations
and the physical principle, or equivalent displacements in potentials and the Lame equations are used.
The problem is solved in a related formulation, where the movement of the plate and its surrounding
media is considered together. All components of the equations of motion of the plate and media are
decomposed into trigonometric series and the Laplace transform is applied to them. As the conditions
for the contact of the plate and the ground, the equality of normal displacements at the boundary of the
medium and the plate is assumed. It is also assumed that the pressure amplitudes and normal stresses
coincide. After determining the constants from the contact conditions, the displacement values and the
values of normal and tangential stresses are found, after which their originals are found.

Key Words: non-stationary dynamics, cylindrical wave, elastic medium, plate, integral transformations,
vibration absorption.

1. INTRODUCTION

The constant intensification of urban development and the introduction of infrastructure into
the existing urban environment raises the question of protecting both the population and
buildings from negative anthropogenic impact. The main source of adverse external influences
on the foundations of buildings are technology-related vibrations. Such sources include
engineering equipment, industrial installations, and vehicles (low-depth underground railway,
heavy trucks, railway trains, trams) that create large dynamic loads during operation [1]. There
are two types of impacts on the foundations of buildings — a stationary action created by regular
sources of vibration and impulse excitation. However, these types of impacts and, accordingly,
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calculations for them are regulated by a much smaller number of specifications [2]. Due to the
fact that these situations do not often occur in practice, this issue has been studied to a much
lesser extent. There are two approaches to the organisation of vibration protection of the
foundations of buildings and structures [3]: vibration protection, which is laid in the design
and includes vibration damping devices; and an approach based on the creation of vibration-
absorbing barriers [4], [5]. Vibration shields are most fully considered in [6].

Nonstationary problems have recently become widespread, and various types of
interaction between external loads and plates and shells, both homogeneous and anisotropic,
are studied. One of the methods for solving such problems is the method for determining the
influence functions, described in [7], [8], [9], [10], [11], [12]. In addition, at the moment,
inverse problems for nonstationary loads are widely studied, such as problems for a
Timoshenko-type beam of finite length under the influence of a nonstationary load, and issues
related to the identification of defects in an elastic rod [8], [9], [10]. The case of a nonstationary
effect of a rigid indenter on an elastic half-plane is considered [11], [12]. In papers [13], [14],
[15], the problems of nonstationary dynamics and the features of constructing the influence
function for anisotropic plates and shells are considered.

This study deals with the nonstationary interaction of a cylindrical wave induced in the
ground with a vibration-absorbing barrier in the form of a sandwich plate. Notably, the
aforementioned studies are mainly focused on the direct impact of the load on the object under
study, but this study considers a related problem that takes into account the position of the
wave source in the medium, as well as the vibrations that occur in the ground. An elastic
medium is used as a ground model, which is acceptable for small oscillation amplitudes. The
selected plate model allows varying the geometric parameters and material properties of the
bearing layers and the core, thus obtaining a barrier with optimal vibration-absorbing
properties.

2. MATERIALS AND METHODS

This study investigates the non-stationary effect of a plane pulse on a complex barrier, where
the design features and the shape of the incoming wave are taken into account. A sandwich
plate is considered as a model of a barrier in the ground. It is placed in the soil, dividing it into
two parts — the media “1” and “2”, described by the system of equations by V.N. Paimushin
[16]. The isotropic elastic medium “1” has a density p;, with the speed of sound wave
propagation — ¢;. The isotropic elastic medium “2” has a density p,, with the speed of sound
wave propagation — c,. The plate is located in the Cartesian coordinate system Oxyz, and it is
assumed that the plane Oxy for the plate is the median, and the axis Oz is directed to the depth
of the medium “2”. The plane problem formulation is considered. The boundary conditions
correspond to the hinge attachment of the barrier, and the initial conditions are zero. The
incoming wave is a damped cylindrical wave with a pressure amplitude p, at the front. The
initial conditions are zero. As a result of its interaction with the plate in the media “1”” and “2”,
the transmitted and reflected waves are induced [17], [18], [19], [20].

Movements in media “1” and “2” are defined, as well as movements at any point in the
medium “2”. To solve this problem, the Fourier series expansion and the Laplace transform
are used [21], [22], [23], [24], [25].

The object of the study is a sandwich plate with a symmetrical structure consisting of two
bearing layers and a core between them. The bearing layers of the plate are elastic and
isotropic, with a modulus of elasticity of the first kind E and a Poisson's ratio v, and have a
thickness 2t;. The core material is orthotropic, of a honeycomb structure, with a elasticity
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119 Unsteady dynamics of a sandwich plate under the influence of a cylindrical wave in an elastic medium

modulus E, and a Poisson's ratio v,, and has a thickness 2h. The core has a compression
module E; and transverse shear modules G;and G, both in the axes Ox and directions Oy,

respectively. The amplitudes of tangential displacements along the axes Ox and Oy are

denoted by ugk) and ugk), respectively, and by the normal displacement w % of the k-th carrier

layer. q* and g2 — the amplitudes of transverse shear stresses of constant thickness in the core,
directed along the axes Ox and Oy.

Then the equations of motion of the plate have the form (1)-(7) (the presence of a
coordinate after the decimal point corresponds to differentiation by it, and the point
corresponds to differentiation by time 7) [26], [27], [28], [29].

pcii] = L1 (u9) + L12(u3), peiis = Lpg (ug) + Lop(u3), 1

paiif = L1 (uf) + L1, (ug) + 2q°, 2

Paiiy = Lpy(uf) + Ly (ug) + 2q° (3)

PcWe —mAw, + pwq(q.,%c + q%/) = _DA%WC + Zkl(‘ﬁc + q%/) +p1— D2 (4)
PawWa — MgAW, = _DA%Wa — 2¢c3Wg +p1 + D2, (5)

pqlql - quch,x = utll - klwc,x —k, (qgc + Q,gz)'x + k31q1 (6)

pqzqz - pquWc,y = utzl - klwc,y =k, (qgc + Q,iz)’y + k32q2 7

Since a plane formulation of the problem is considered, the system of equations by V.N.
Paimushin [16] takes the following form (8)-(11), where:

Buf . (x,t) — pgiif (x,t) + 2q,(x,t) = 0 ®)
_DWc,xxxx(xr t) - pcwc(x' t) + 2k1‘11,x(xr t) +p1—p2=0, )
_DWa,xxxx(x: t) — PawWa (X, t) — 2c3wa(x,t) + p1 +p, =0 (10)
uf (x,£) — kywe (%, ) — kaq1 (%, 1) + k3191 (x,8) =0 (11)

2Et
B = 12
T2 (12)

Bt?
= 13
3 (13)
uf = u§1) + u§2),u? = u§1) — u§2)(i =1,2),w. = wo® + wy @, w, (14)

— Dy @
0 0
h? 2h E4
k1=t+h,k2=3_C3,k3i=?i,(l=1,2),6'3=ﬁ. (15)
Core compression module:

4dE

E; z (16)

"~ 3(1 —v,2)asin( @)
The case of a transversally soft core is considered, where the transverse shear modules of
the core are equal to each other. In this case:
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G,=G,=G (17)
2ph3 2p
Pwqgl = Pwqg2 = Pwq = T:Pm =Pgq2 = Pgq = qu:kn =k3y; = k3 = < (18)

The transverse shear modulus of the core G and the shear modulus of the core material G,
are defined as:

2d(1 + cos?(¢))

G=0, 3asin( ) (1)
E,
G, = 20+v,) (20)
Introducing the following dimensionless quantities:
. w _ u c-t _ x _ 11-v®» _ 11-v?

W=T:u=7iT=Tix=7ifh=E—t1fhip1 E—lpppz

I(1—v?) 21
= —Et1 ()

All the functions included in the system of equations (8)-(11) are decomposed into
trigonometric series that satisfy the boundary conditions, taking into account (21). (8)-(11) are
applied to the series expansion (22)-(27) and the Laplace transform in time:

M= z M, sinl, x (22)
M = (W, We, p1,92)" (23)
M, = Wen, Wan, P1ns pZn)T (24)
N = Z N, cos A, x (25)
n=1
—— \T
N = (uﬁ”.a) (26)
@ —)\
Ny = (u2.7m) @7)
22, 2uPt + 2mstuPt 4 gk =0 (28)
in 6> Y1in A1n

_m114 Wen = (2 + mp)mes*wep — 2m3/‘an1n + pln p%n =0 (29)

m, 4 — —
_m1&4 Wan (2 + ?) m6sZW5%Tl - 3_Tn5W£n + pfn + P%n =0 (30)

2)L — —_

~ 20" — madwh, + (A my + my)msgl, = 0 (31)

The following parameters, including the physical and geometric characteristics of the
plate in equations (28)-(31) are denoted as:
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™= 3p
h
my = L (33)
Ppts
ty+h
ms = 1 l (34)
h2
=— 35
my =55 (35)
° (36)
m- =m- =
7T (L= v) (A + cos? ()
E (1 —v,2) at hsin(p)
- 37
Ms = A—vd)  d? 37)
me = (1 —v?) (38)
From the system of equations (28)-(31), the normal Wérll)L and Wéfl)L, and tangent E =

—u},, displacements at the boundaries of the plate and layers “1” and “2” are determined:

Wil = = (W, + )
- - 39
1~ (Pha - ph) 1G22 13ms (phy + pky) &)
C21,(52, 2)15(s2,A8) + I,(s%,A%) 2 Is(s%A%)
Wl = (why — wh)
T b 4
- (Plz“n - p%n) 11(52:/1‘71-1) 1 3n’lS (p%n + pén) ( O)

1
_512(52:1%)13(52:1;11) +1,(s%,23) 2 Is(s2,23)

L _ L
E _ m3An (pZn pln) (41)
Q1B AN + Q2 (st AR) + Q3 (st AD)

where the following notation is introduced:

I, (s%,2%) = (ms(mes? + 4,°) (4" my + my) + 1) (42)
I,(s%,22) = (mgs? + 1,°) (43)

I5(s%,28) = (mA,* + (2 + my)mes?) (A, *my + my)ms (44)
L(s%,A%) = (2m32 + m)A,* + 2m32med,2s? + (2 + my)mgs? (45)
Is(s?,A%) = (6 + my)mgmgs? + 3msm A% + 4 (46)

Q3(s%, %) = 2s2mg(1 + s?m,msmg) (2 + my) (47)
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Q,(s*2%) = 2m652(2m32

48
+ (mymsmgs?(2 + my) + (2 + my)msm, + m1m7))ln2 (48)

Q,(s%,28) = 2mymymsA,® 4+ 2myms(m,; + mymgs®)A,° +
(49)
+(2mgmgs2((2 + my)my + mym,) + 2ms2 + myHA,*
The model of the ground is an isotropic elastic medium, described by the equations of the
elasticity theory. The closed system of equations describing its plane motion has the form (the
forces of gravity are omitted) [30], [31]:
- equations of motion:

do do do
1 9%z 0013

i, = 50
Pt dx dy dz (50)
doy1 00y, 00,3
i, = 51
Pz dx + dy + 0z 51
. dgz; 0oz, 0033
pw = dx + dy + 0z (52)
- Cauchy relations:
Juy
=— (53)
f117 5
1/0u; ow
=-\=+= 54
“13 2(62+6x) %)
ow
— 55
€33 9z’ (55)
_Ouy 56
€22 = 3y’ (56)
1 (E)uz N OW) 57
23775 oy 0z)’ 57)
1 (E)uz N 0u1> 58
f12 = 5\ 5% oy )’ (58)
_ 0wy N du, N aw
~ox  dy 0z’ (59)
- physical principle:
011 = /19 + 2#811, (60)
013 = 2/€13 (61)
0-33 = /19 + 2/.1.833 (62)
0-22 = /19 + 2/.1.822 (63)
023 = 2[U€r3 (64)
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where: u and w — the displacements along the axes Ox and Oz, respectively; o;; and &;; — the
components of the stress and strain tensors; 8 — the volume expansion coefficient; pand 4, u —
the density and elastic constants of the Lame ground; the points here and further denote the
time derivatives t. The system (50)-(64) is equivalent to the equations in displacements (Lame
equations):

00
piiy = (A+ ) F + uduy (65)
. a0
pi; = (A+w) B + udu, (66)
. a0
pw = A+ 3 + udw (67)
9?2 9% 02
A=—+—+— (68)

0x?  dy? 0z?

Another variant of the equivalent system with respect to the scalar potential ¢ and the
components ¥ of the vector potential of displacements, where: ¢; and ¢, — the propagation
velocities of the waves of tension-compression and shear):

=2, 22 = 2y, 2 (69)
A4+2
=" (70)
p
2 M
c2 == 71
2= (71)
dp 0y
__r_-r 72
17 ox oz (72)
do 0y
=——-— 73
Uz dy 0z (73)
do oY
w = E + a (74)
Introducing the following dimensionless quantities:
—_ U3 — W — X —  Z ct —— 011 —— 013  —— 033 T
Uy =— W=, X=T3Z2=73T=—;011 = ;013=7 ;033=2- ;=
1 L’ 1 1 1 Eg Eg Egr (75)
Y. —_ 9
2P =

All functions included in the equations of ground movement are decomposed into
trigonometric series [32]:

- potentials:
L= Z L,sinA,x (76)
n=1
L= (7°,69,50,59) )
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Lo = (72,69,50,59,)

K = 2 K, cos A, X,
k= (77,2 8.00,58)

—@ ! D —
Kn = (lpn '€§3)n’ ?(;3)71’97(1 )' 513)71)

(78)

(79)

(80)

(81)

Taking into account the expansions into trigonometric series that satisfy the boundary
conditions and the Laplace transform performed, the equations of ground movement, Cauchy
relations, and the physical principle in the coefficients of the series are written as follows:

- equations of motion:

—()L
2P = 1 5L 4 055,
n 11n 82
0TS
— ()L —()L 33
SZW‘EIJ) /117. 2(113)71. azn
- Cauchy relations:
—()L —()L
gjl)n - _An 22
—()L
E(])L — aWn
33n aE
g _ g0 _ 0%, aw)"
f13n =00 = o3 0z
- physical principle:
DL _ W g _ ()L
51]1n =1 97 51]3n UAnW _1
—()L —()L
du ow
Tk = /‘la—} + (A +2p)
Vor o (1-vy) w9

= — + =
(1+vg)(1 = 2v5,) 0% (1+vgr)(1 = 2v,) 07

owy" v (1-v,)
= —qA. gL 4 g = gr y = gr
Gt Y e T v ) (1= 2v) T (T + vgr)(1 = 2v,)

Equations of motion in potentials:

_.Bln (pn Oﬂln —A +S
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—L
0%y —L s?
622” — Bon’W, = 0; B = A° + ey (90)
_ _ oy
uln = A’Tl(pn - ain (91)
N17) —
Wn = a_; - Anlpn (92)

The obtained equations (82)-(92) determine the values of displacements, stresses, and
deformations in any of the media at known potential values.

3. RESULTS AND DISCUSSIONS

To find the dynamic and kinematic parameters of the medium, it is necessary to determine the
values of the vector and scalar potentials. The equations of motion of the medium with respect
to the scalar potential ¢ and the components 1 [32] of the vector potential of displacements
after the corresponding expansion into series and the application of the Laplace transform will
take the form (89), (90). The organic condition for the ground at infinity can be written as
follows. The solutions of equations (93) satisfying the condition (89), (90) have the form:

@n-(Z,5) = 0(1); for Z - +oo (93)
W(DL _ Clje—ﬁlnf (94)
E(J)L _ Czje_BZnE (95)

where: Cl1j, C2j — integration constants; j=1, 2. Therefore, the values of the scalar and vector
potentials for the media “1” and “2” are found:

<P7(11)L = C119_ﬁn2 (96)
DL = (e B ©7)
YO = e P (98)
? = CprePn? 99)

To solve this problem, it is necessary to set the incoming wave, which is a cylindrical
damping wave.

The equation of motion of the medium in potentials is written in the same way as (89),
(90), and the boundedness condition (93). A cylindrical wave propagating from a source
located at a point 0, (0,0, — d). A cylindrical coordinate system with centre in O,, parallel axis
Oz, and radius is introduced:

r=J Gt d)T = rTl (100)

Assuming that @, = @, (ry), from (90), (91) the following equation is obtained with respect
to this function (the strokes denote the derivative by r;):
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10 ( d
T 0ry

rla—rl@) +kipa =0 (101)
Its general solution has the form:

Pa = A HP (kyry) + BHS (kyry) dey = (102)
where: Hél) (¢) and ngz) (¢) — Hankel functions of order v; A, and B, are arbitrary constants.
The radiation condition (82), (83), where should be put satisfies the solution:

Pa = A H (kymy) (103)
Then the following equation for the potential is obtained:
P = AgH (ki) - 7" (104)

Substituting this result in (82)-(92) and applying the Laplace transform, the following
equations for displacements and stresses on the plate surface are obtained:

_ p.xd 1 1

(€]
a1
P«
W*L|z=0 = N aHl(l)(kﬂlo)s T1 (106)
p.d 1
O11xlz=0 = m [(V - a)T1oH1(1)(k17‘10) - k17"1210H2(1) (k17‘10)] S+1 (107)
, -2
rllo = ]/Ez + ad (108)
O13¢|320 = ———H, ' (kyr 109
13x1z=0 N(1+Vgr)7"120 2 ( 1 10)S+1 ( )
’ -2
7‘10 = Ez + d (1 10)
ki =1 (111)
p.d 1
033«lz=0 = m [(0»’ + V)7"10H1(1)(k17‘10) - k17"323oH2(1) (k17‘10)] S+1 (112)
f 2
T330 = afz +yd (113)
f 2
T330 = afz + yd (1 14)
’ -2
7‘10 = Ez + d (1 15)
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127  Unsteady dynamics of a sandwich plate under the influence of a cylindrical wave in an elastic medium

’ —2
T]_lo = yfz + ad (1 16)

To determine the integration constants in (96)-(99), it is necessary to write down the
contact conditions of the plate and the ground, similarly to [33]:
- pressures and stresses at the boundaries with media “1”” and “2”":

pin(Z,s) = < agng(—, ) + P (Z, s)> (117)

Z=0
033+l7=0 = Pent (118)
Phas) = — 02t @,s)| (119)

z=0
-(1) = L
0'13n(Z, s) s—0 G130 (2, S)lz:O (120)
- normal displacements:
wé,ll)L(_, s) = <_W,(11)L(Z s) + wk,(Z, s)) (121)
z=0

w@i@z,s) = wPk . (122)
u&)L(z, s) = <—u;1)L(E, s) +u.(z, s)) (123)

z=0

Taking into account the integration constants obtained in (60)-(64), the values of normal
and tangential displacements, as well as stresses in the media “1” and “2”, will take the form:
- stresses in media “1” and “2”:

afng = (—alnz + yﬁlnz)Cll cePinZ 4 (a0 — YA, By Cyq - €P2nZ (124)
oD = (—ady? +VBin?)Crz - € FZ + (y — @Ay fonCay - € FPn? (125)
1 _ _
0-1(?1;21 = (1 +v ){Zlnﬁlnclleﬁmz - CZl(ﬁzzn + Azn)eﬁznz} (126)
ar
- 1 B )
2 _ _
0l = —m{”nﬁmﬁze FinZ + Cyp (B, + A2n)e~Fen?) (127)
ar
- stresses in media “1”” and “2”:
wll = By - ePinZ — 1,Cyy - ePon? (128)
W(Z)L = —PinCrz - € F1n% — 4,Cyp - e Fem? (129)
&)L = nCyq - €F1n% — By, Cyy - €P2n? (130)
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u(Z)L — /‘ln612 . e—ﬁ1nz + ,8271622 . e_ﬁznz (131)

in

Substituting in the contact conditions (102) and (103) the values of the displacements of
the bearing layers of the plate (39)-(41) and the displacements and stresses in the media “1”
and “2” (104)-(116), the values of the constants are obtained:

R,(s®

= s (132)
R,(s'h)
R3(57)

=_= 7 133

21 R4(Sll) ( )
R5(524)

2= (o7 (134)
R (513)

2= % (514) (135)

52
An zﬂn;lglzn =1%+52;ﬁ22n =A$1+ﬁ (136)

Substituting (132)-(136) in (128)-(131), the values of normal and tangent displacements
in the medium “2” are obtained:

24 13
(Z)L = —Bi(s )R5E525; e BinZ _An% . e~ Banz (137)
R - R -
U&)L = An% cePmZ — B (s) 3((511)) ePanz (138)
— Rs(s%%) oz R;(s 13) 8.7
uﬁ)L = Tle(szs) + Ban(s )R NC 14) e~ Pan? (139)

Since the solution turns out to be extremely cumbersome, a tracking notation is adopted.
Ri(sk ) — the polynomials that arise when finding the values of the displacements. This form
of writing would allow evaluating the structure of the resulting equations.

The inverse Laplace transform must be applied to the obtained results (137)-(139). As is
known from [34], [35], the inversion of the Laplace transform is easily performed in the case
of a bounded domain and no branching point. However, in this case the domain is unbounded
and the functions (102) contain branching points, thus, it becomes obvious that analytical
inversion is impossible.

To reverse the function, the Durbin method [36] is used, where variables are replaced,
based on the representation of exponential functions in the form of trigonometric functions
and taking into account the features of these functions. As a result, any function is drawn by
the following formula:

ot

0
f) = f Refl(oc+iw)coswtdw (140)
0

where the integral is calculated numerically. As an example, a plate with the following
parameters is considered: length 1 = 1 m, the thickness of the bearing stratum t = 0.15 mm, the
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129 Unsteady dynamics of a sandwich plate under the influence of a cylindrical wave in an elastic medium

thickness of the core h = 1.4 mm (Figure 1). Material of the bearing layers — steel 12X18N10T:
E =1.8-10%kg/m?,p, = 7900kg/m3,v = 0.29, core material — Amg2-N: E, = 7.1~
10%kg/m?, p, = 2690kg/m3;v, = 0.32,a, = 6 - 1073m;dz = 0.05 - 10™3m; ¢ = 120.
Where a, — the length of the core wall, dz — the thickness of the core wall, ¢ — the angle
between the walls of the core.

The ground has the following parameters [37]: density — pg, = 1600kg /m3, elasticity
modulus — E;, = 10°kg/m?.

As a result of the calculations, a graph of normal displacements and stresses at the boundary
of the plate with the media “1”” and “2” as a function of time 7 is obtained (Figure 2).
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Fig. 2 — Tangential displacements in the a) incoming wave uiz);

b)Tangential displacements in the medium “2” uiz)

4. CONCLUSIONS

As a result of the interaction of the damped cylindrical wave with the plate in the media “1”
and “2”, the transmitted and reflected waves are induced. As a result of solving the equations
of motion in potentials, the scalar and vector potentials of displacements in the media “1”” and
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“2” are determined. In addition, from the equations of motion of the medium in the potentials,
the stresses and displacements in the incoming cylindrical wave are determined. As the
conditions for the contact of the plate and the ground, the equality of normal displacements at
the boundary of the medium and the plate is assumed. It is also assumed that the pressure
amplitudes and normal stresses coincide. After determining the constants from the contact
conditions, it becomes possible to determine the values of the scalar and vector potentials of
the displacement field, through which the displacements at any point of the medium located
behind the plate are unambiguously expressed. Next, the inverse Laplace transform is
performed and the sums of the Fourier series for the displacement of stresses in both media
are found. The solution of the problem in a related form allows taking into account not only
the vibration-absorbing properties of the plate itself, but also the behaviour of the soil, and the
features of the incoming cylindrical wave. The results obtained allows one to determine the
values of the integration constants based on the contact conditions, knowing which it becomes
possible to determine the kinematic and dynamic parameters at any point of the media
surrounding the plate and, accordingly, to evaluate its vibration-absorbing properties.
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