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Abstract: In the framework of the quantum model for hydrogen atom, we use the wave functions
provided by the solutions of the Schrédinger equation with Coulomb potential. Considering the radial
and angular densities of the localization probability, we identify the representative quantum states that
play a high-probability role in transitions for H-I spectra. Besides that, we obtain some other
complementary results. So, we present the numerical tables for the radial distributions, the electron
density functions and some observables like 0 nodal angles, nodal surfaces, along with the ordered
sequences of the average radii in the sub-shells associated with this n: (r)y = 18ag < (r)sa = 21ag <
(r)ap = 23a0 < (r)ss = 24ay (ay - the first Bohr radius). Further, we have added the significant scientific
3D-visualization of the orbitals shapes and describe them via the nodal values for 0 angles.

Key Words: spectroscopy, astrophysics, quantum geometry, hydrogen, probability of transition,
representative quantum state, 3D atomic orbitals visualization

1. INTRODUCTION

The of Schrodinger’s work [1], [2] and others paved the way for development of Quantum
Mechanics, Spectroscopy and QED. On the one hand, there are various and important
theoretical aspects [3], some of which refer to the search for analytical solutions of the
Schrédinger’s equation with different potentials [4]-[6]. On the other hand, historically
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speaking, there are several atomic models: the planetary model: the planetary model, the
Bohr’s model [7] and those models with fine [8] and hyperfine structure. These models are the
basis for understanding atomic-scale processes and phenomena in various plasma types.
Several topics of interest - for Quantum and Atomic Physics [9] and their applications in
Astrochemistry and Astrophysics [10] include: a) the spectrum of light from various cosmic
sources, such as galaxies, stars and interstellar clouds [11]-[13] as well as b) [14]. Since atomic
orbitals are essential for understanding the structure of atoms, molecules, gases, and plasma
[15], [16] and in order to identify certain representative quantum states regarding the highest
probability of transition, we are developing a method of theoretical spectroscopy which we
exemplify by analyzing the hydrogen orbitals in the excited states with n = 2, 3, 4. The
structure of our paper is as follows: In section 2, we describe the mathematical framework of
the hydrogen-like atom (H-like atom) [ 17] with a fine structure which consists of key equations
or functions as quantum entities, such as wave eigen functions and observables. In section 3,
we tabulate our derived values of maximum localization density, and those of electron density
depending on an angular factor, finding some representative states, and we obtain the
following observables: average radii, nodal angles 6 and nodal surfaces. We also construct 3D
geometric representations of orbital shapes generated by spherical harmonics corresponding
to quantum states with n up to 4.

Finally, we give a synthesis, consisting of three sets of results: 1) an analysis to identity the
representative quantum states, 2) the value data of a few observables such as 8 nodal angles,
nodal surfaces, and some order relations for the average-radii of sub-shells, and 3) an atomic
orbitals scientific 3D-visualization, where all of these are exemplified for shells with n less
than 5.

2. METHOD: BASIC QUANTUM FORMULAE AND ENTITIES
For the 3D modelling of the atomic orbitals, we relied on several key equations and concepts

of quantum physics as follows: The general form of Schrodinger's equation is [9]:

'haqj—ﬁlp— hzl72+VlI’ 1
! at - 2u (1)

For a non-temporal potential V=V(r) with spherical symmetry [5], [18] the SchrOdinger's
equation becomes (the so called the stationary case or independent time equation):

—i? ,
ﬂ VeE+ V(@) | Ynem(,0,9) = En¥rm(r, 6, ) ()
It is well known the general form of wave function:
= -l
Prim(1,0,9,6) = (1,6, 9)e 7" ®)
where for the Coulomb-potential the space components are:
Ynem(1,0,9) = Rpe(r) Yt’m (CAD) (4)
where the radial components formula is:
2\ n—t-1 = /2r\ 2r
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with the associated, respectively general, Laguerre’s polynomials and m being the electron
mass, reduce mass y and ag-the first Bohr radius.
m d* a’ ;
q=a B0 =D gpla® L =ety e (©)

The angular components have the following formulae:

2¢+ 1)(t —m)! .
mg o) = (—1)m m img > (7)
Y6, 9) = (—1) ] it P (cos)e m=0
and

ve™(©,9) = (-DMY™(6,9)  m<0 )

where the associated, respectively general, Legendre’s polynomials are:

dm
Ptx)=(C-D"y(1 - xz)mdx—mPg(x) for m=0 )
(_1)[ dﬁ’ 2N¢

Pr(x) = -7 (1= x%) (10)

For a quantum state described by the numbers (n £ m), we compute the probability density of
electron localization using the formula:

|’1Un€m(r'9'¢)|2 (11)
The average radius formula of the state (n € m) is:
na 1 (C+1)
(e = TH [1 + E(l - "z )] (12)

We mention that in our analysis we need to define some useful quantum entities as follows:
DMLy(r) = (r Rue(r))? - the radial distribution function and Del;,, (W) = |Y/™(6, ¢)|? - the
electron density in angular factor function, where w=cos(6).

These functions are important tools for our method of theoretical spectroscopy to identify the
representative quantum states.

We will develop this method in the RESULTS section. Also, considering the formulae of
angular components (9-10) and in order to simplify our presentation, we make the convention
m=|m/|.

3. RESULTS

The a, S, y Ly lines denoted in the H-emission spectra [18] correspond to the transitions from
the levels n € {2,3,4} to the ground state [19], [20]. We develop a computational program, and
use mathematical software to analyses and represent in three spatial dimensions the quantum
states associated with these fixed n.

3.1 Representative quantum states

To find the representative quantum states, we will proceed to develop a method that will help
us in this aspect.
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The physical significance of the probability density function |¥,z.(6,¢)| allows us to identify
situations in which these functions reach maxima.

Taking into account the convention m=|m| in which we work, we start with case n=2 and we
obtain the below results. The radial distribution DML, reaches its maximum value for € =1
as seen in the Table 1

Table 1: Numerical values of DML:e

£ DML (1) (r)z¢ [ao]
0 DMLy (5.23) =0.190 (r)2s=6
1 DML, (4.00) =0.195 (r)2p="5

Also, for the average radii (r).¢, corresponding to the shell with n=2, we obtain the order
relation:

5a0 = (r)2p < (r)zs = 6ao (13)

The electron density in the angular factor Dels, reaches its maximum value for m=0 as seen in the
Table 2:

Table 2: Numerical values of Delen

m Delim(w)
0 Delio(1) = 0.238
1 Del;1(0)=0.119

So, for shell n=2, the probability function reaches its maximum on the orbital £ =1 and m=0.
We conclude that the quantum state (2 / 0) is a representative quantum state [21]. The quantum
case n=3 is analyzed in the same manner as the previous one. In the table we see that the
radial distribution DMLj3, reaches its maximum value for £=2.

Table 3: Numerical values of DMLj3e

{ DML (1) (r)3¢ [a0]
0 DML30(13.07) = 0.1015 (r)ss =13.5
1 DML31(*12.00) = 0.1017 (r)sp=12.5
2 DML32(9.00) = 0.1070 (r)sq =10.5
Also, for the average radii (r)s, we obtain the sub-shells order relation:
(I‘)3d =10.5a< (I‘)3p =12.5a< (I‘)3s =13.5a (14)

In the table we see that the electron density in the angular factor Dels, reaches its maximum
value for m=0.
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Table 4: Numerical values of Delom

m Delom(w)

0 Delzo(1.000) = 0.397
1 Del»1(0.707) = 0.149
2 Del2(0.000) = 0.149

So, for the shell n=3 the probability function reaches its maximum on the sub-shell =2 and
the orbital with m=0. The state (3 2 0) is also a representative state. Finally, for the quantum
case n=4 we obtain the following: In Table 5, we see that the radial distribution DML reaches
its maximum value for £=3.

Table 5: Numerical values of DMLy ¢

£ DMLy, (1‘) (I’)4z [ao]
0 DML40(24.60) = 0.06440 (r)as = 24
1 DML41(23.60) = 0.06444 (r)ap =23
2 DML42(21.21) = 0.0649 (r)aa =21
3 DML43(16.00) = 0.0697 (r)ar=18
For average radii (r )4¢ we obtain the sub-shells order relation:
(1‘)4f= 18ap < (1‘)4d =2lay < (I‘)4p =23y < (I‘)4S =24a, (15)

In Table 6, we see that the electron density in the angular factor Dels, reaches also its
maximum value for m=0.

Table 6: Numerical values of Del3m

m Delzm(w)

0 Delso(1.00) = 0.557
1 Del31(0.86) = 0.198
2 Del3(0.58) = 0.154
3 Dels3(0.00) = 0.174

Considering our findings in the analysis for the above cases, we derive that the state (4 3 0) is
a representative quantum state, too.

3.2 The 3D-representation of the representative quantum states

For the states (n £ m) - after the computation of electron localization probability density.
The average radius formula of the state (n € m) is:

| !Pnt’m (T', 0' (p) |2
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in the spherical coordinates system with colatitude 6 € (0, ) and azimuth ¢ € [0, 21t] we build
the 3D geometric representations [22] and we explain the shape of orbitals which correspond
to those quantum states.

Figure 1: The 3D representation of 2p, — orbital (left) and 2px, 2py, 2p- — superposed orbitals (right)

We remark that for all representative quantum states - identified by us in the above sub-section
- the orbital magnetic quantum number is m=0, and as we can easily observe in eq. (9), the
harmonic functions Y," always take real values. Starting with Figure 1, we describe the
representative quantum states. The mathematical expression for the spherical harmonic [23]
corresponding to the state (2 1 0) is:

Y208, ) = %cos(e) (16)

For this state, we find 6 nodal value 6,,s = 90° and, taking into account the rotation around the
azimuth ¢, we obtain a nodal surface (namely the plan at 8 = 90°).
The derived shape of 3d, — orbital which has the following spherical harmonic formula:

Y2(6,9) = g(%osz(é’) -1) (17)

For this state we find as nodal values 0,4 € {55°, 125°}. Taking into account the rotation about
the azimuth ¢ we obtain the corresponding nodal surfaces (the conic surfaces at 8 € {55°,
125°}, these cones orientated upwards and downwards, respectively).

Figure 2: The 3D representation of 3d. — orbital shown as whole (left) and zoomed to bring out the detail (right)
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Continuing our analysis, the spherical harmonic for the quantum state (4 3 0) is:

Y2(8,9) = % (5cos3(8) — cos(0)) (18)

Considering this formula we find the corresponding nodal values ,,s € {39°, 90°, 141°} and,
taking into account the rotation about the azimuth ¢, we also obtain the corresponding nodal
surfaces (the plan at 8 = 90° and two conic surfaces at 6 € {39°, 141°}, these ones orientated
upwards and downwards, respectively).

Figure 3: The 3D representation of 4f, — orbital (left) and its longitudinal section with the multicolored arc added
over the section (right).

In the right-panel of Figure 3, we illustrate these nodal values by dividing in longitude the 4f,
- state longitudinally (see the sequential colored arc that follows the nodal values 8 and the arc
added over this longitudinal-section).

panel a) panel b)

Figure 4: panel a) the 3D orbital shapes of states (from the upper left to lower right):
“411),421),(431),(422),(432),(433), obtained by using the real part of harmonic components;
panel b) the 3D atomic orbitals of hydrogen with n < 4.

Additively, in Figure 4 (in both panels), we build the 3D shape visualization of the orbitals for
the rest of states with n=4, namely those with non-zero m [24].
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4. CONCLUSIONS AND DISCUSSIONS

In our approach, we have developed a method of theoretical spectroscopy which has helped
us to find the representative quantum states; these states can be related to the ones with the
highest probability of transition [19], [21], [25].

We have developed a graphical representation for the 3D shapes of these orbitals, emphasizing
the role of nodal angles 0 in the generation of the nodal surfaces; thus, we explain the orbital
configuration. Furthermore, we have obtained a relation between the average radii in the sub-
shells associated with n < 4, such as:

(r)yr = 18ag < (r)sa=2lap < (r)yp=23ap < (r)ss = 24ay (19)

Thus, for the hydrogen orbitals in the excited states with n < 4, we found as representative
quantum states (2 1 0), (3 2 0), (4 3 0), and constructed a 3D visualization of them and for the
states with non-zero m. Consequently, we propose that representative states (2 1 0), (3 2 0), (4
3 0) are most likely the quantum states defining the transitions for the a, §, y Lyman hydrogen
emission lines, respectively. The representation of orbitals leads to a better assessment of the
spatial distributions for these states, and this is useful in assessing the temperatures both of
plasma and its electrons [16], [26]. Note that these orbitals are suitable for studying several
atoms (alkali metals) and ionic species X', namely the hydrogen-like atoms. Considering the
results of the preceding analysis and the useful intuitive meaning of the 3D graphical
representations, these subjects for a deeper insight into the quantum world will be continued.
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