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Section 4 - Materials and Structures 

Abstract: The paper investigates the squeeze film process for non-Newtonian fluids between two 
circular parallel profiled surfaces. The lower surface is characterized by the existence of a cylindrical 
or spherical dimple in the center, which is specific for profiled surfaces by texturing. In order to 
integrate the Reynolds equation, the slip boundary conditions on the upper surface have been assumed. 
Finally, the pressure distribution and the loading capacity of the non-Newtonian film are obtained. 
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NOMENCLATURE 
F load capacity 

�̄�𝐹 = 𝐹𝐹 �
𝑛𝑛

(𝑛𝑛 + 1)(2𝑛𝑛 + 1)�
𝑛𝑛 ℎ2𝑛𝑛+1(𝑛𝑛 + 3)
𝜋𝜋𝜋𝜋𝑅𝑅𝑛𝑛+3𝑉𝑉𝑛𝑛

 non-dimensional load capacity 

Q volumic flow rate 
V squeeze velocity 
R bearing radius 
h film thickness 
hd film thickness in the dimple region 
m consistency index 
n flow index 
p pressure 

�̄�𝑝 = 𝑝𝑝 �
𝑛𝑛

(𝑛𝑛 + 1)(2𝑛𝑛 + 1)�
𝑛𝑛 ℎ2𝑛𝑛+1(𝑛𝑛 + 1)

𝜋𝜋𝑅𝑅𝑛𝑛+1𝑉𝑉𝑛𝑛
 non-dimensional pressure 

�̄�𝑝𝐼𝐼 
non-dimensional pressure in the dimple 
region 

�̄�𝑝𝐼𝐼𝐼𝐼 non-dimensional pressure in the flat region 
r radial coordinate 

mailto:varrav2000@yahoo.com
mailto:irina.radulescu@upb.ro


Alexandru Valentin RADULESCU, Irina RADULESCU 164 
 

INCAS BULLETIN, Volume 12, Issue 4/ 2020 

�̄�𝑟 =
𝑟𝑟
𝑅𝑅

 dimensionless radial coordinate 
r0 radius of the dimple 
�̄�𝑟0 non-dimensional radius of the dimple 
s depth of the dimple 
�̄�𝑠 =

𝑠𝑠
ℎ

 non-dimensional depth of the dimple 
u velocity 
x integrating variable 

y Cartesian coordinate corresponding to Oy 
axis 

η Newtonian viscosity 
λ slip length 

�̄�𝜆 =
𝜆𝜆
ℎ

 non-dimensional slip length 

τ shear stress 

1. INTRODUCTION 
Surface texturing as a means for enhancing tribological properties of mechanical components 
is well-known for many years. Surface texturing has proved to be very efficient in full and 
mixed lubrication, reducing the friction coefficient and the wear rate of hydrophobic surfaces, 
[1-3]. Fundamental research works on various forms of surface texturing for tribological 
applications are carried out worldwide and recent examples can be found in references [4-7]. 
Various texturing techniques are employed in these studies including electron beam texturing, 
etching techniques and laser texturing. 
It is important to emphasize that surface texturing produces significant improvement in load 
capacity, friction coefficient and wear resistance, either in full-fluid film lubrication or in 
boundary or limit friction conditions. Usually, for common applications, two texturing modes 
can be used: full texturing and partial texturing. The first one is based on the individual dimple 
effect, and the second one is based on the collective effect of the dimples, [8]. In the literature, 
it has been theoretically demonstrated that partial texturing increases significantly the load 
capacity compared to full texturing, even in mechanical face seals [9], thrust bearings [10] or 
thermal engines (contact between piston ring and cylinder liner) [11]. 
The researches from this paper represent a first stage in the study of the full texturing surfaces, 
because they take into account the presence of a just one individual dimple on the bearing 
surface. The paper investigates the squeeze film process for the non-Newtonian fluids between 
two circular parallel surfaces. The lower surface is characterized by the existence of a 
cylindrical or spherical dimple in the centre. In order to integrate the Reynolds equation, the 
slip boundary conditions on the upper surface have been assumed. Finally, the pressure 
distribution and the loading capacity of the non-Newtonian film are obtained. 

2. THEORETICAL MODEL 
2.1 Basic assumptions 

The theoretical analysis is based on a generalized model for a non-Newtonian incompressible 
flow, the power law model, expressed as: 
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𝜏𝜏 = 𝜋𝜋�
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝑛𝑛

 (1) 

Two configurations of textured squeeze film bearing will be analyzed:  
• with a cylindrical dimple (Figure 1), characterized by the radius r0 and depth s; 
• with a spherical dimple (Figure 2), also characterized by the radius r0 and depth s; 

 
Fig. 1 Geometry of the squeeze film bearing with cylindrical dimple 

Both plates of the bearing are circular and parallel surfaces, but the upper plate is considered 
a hydrophobic surface, such that there is fluid slip on the wall. For this plate, the slip boundary 
conditions will be imposed, [12]. 
This hypothesis assumes that the slip velocity u is proportional to the shear rate experienced 
by the fluid at the wall: 

𝑑𝑑 = 𝜆𝜆
𝜕𝜕𝑑𝑑
𝜕𝜕𝑑𝑑

 (2) 

where λ is the slip length, [13]. 

 
Fig. 2 Geometry of the squeeze film bearing with spherical dimple 
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For a pure shear flow, λ can be interpreted as the fictitious distance below the surface where 
the no-slip boundary condition would be satisfied. 
In Figures 1 and 2, the theoretical velocity distribution is presented, taking into account the 
slip boundary conditions and emphasizing the slip length λ. 

The following assumptions for hydrodynamic lubrication are considered valid: 
• the flow of the fluid is laminar and isothermal; 
• the inertia effects are neglected; 
• the pressure variation across the film thickness is neglected; 
• the walls are considered impermeable and rigid; 
• there are no cavitations effects. 

2.2 Pressure distribution and load capacity for the untextured squeeze film bearing 

The first step for solving the proposed problem is to determine the characteristic Reynolds 
equation for the untextured bearing, which will be integrated in the case of the textured squeeze 
film bearing for two different regions: for the dimple region and then for the flat region. 
The Navier-Stokes equations for the untextured bearing can be written in one-dimensional 
form, due to the symmetry of the flow: 

𝑑𝑑𝑝𝑝
𝑑𝑑𝑟𝑟

=
𝑑𝑑𝜏𝜏
𝑑𝑑𝑑𝑑

 (3) 

Using the above assumptions, the Navier-Stokes equations for the non-Newtonian fluids (eq. 
1) become: 

𝑑𝑑𝑝𝑝
𝑑𝑑𝑟𝑟

= 𝜋𝜋
𝑑𝑑
𝑑𝑑𝑑𝑑

��
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝑛𝑛

� (4) 

Taking into account the slip boundary conditions (eq. 2): 

�
𝑑𝑑|𝑦𝑦=0 = 𝜆𝜆

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑�𝑦𝑦=0

𝑑𝑑|𝑦𝑦=ℎ = 0
 (5) 

and integrating equation (4), it results the velocity profile: 

𝑑𝑑 =
𝑛𝑛

𝑛𝑛 + 1
�−

1
𝜋𝜋
⋅
𝑑𝑑𝑝𝑝
𝑑𝑑𝑟𝑟
�
1
𝑛𝑛
�𝑑𝑑

𝑛𝑛+1
𝑛𝑛 −

𝑑𝑑 + 𝜆𝜆
h + 𝜆𝜆

h
𝑛𝑛+1
𝑛𝑛 � (6) 

Calculating the flow rate in a cross section at radius r: 

𝑄𝑄 = −𝜋𝜋𝑟𝑟
𝑛𝑛

(𝑛𝑛 + 1)(2𝑛𝑛 + 1) �−
1
𝜋𝜋
⋅
𝑑𝑑𝑝𝑝
𝑑𝑑𝑟𝑟
�
1
𝑛𝑛
ℎ
2𝑛𝑛+1
𝑛𝑛

2𝑛𝑛𝜆𝜆 + ℎ + 2𝜆𝜆
ℎ + 𝜆𝜆

 (7) 

and considering the classic continuity equation: 

𝑄𝑄 = 𝜋𝜋𝑟𝑟2𝑉𝑉 (8) 

it results the characteristic Reynolds equation for the considered flow: 
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𝑑𝑑𝑝𝑝
𝑑𝑑𝑟𝑟

= −�
(𝑛𝑛 + 1)(2𝑛𝑛 + 1)

𝑛𝑛
�
𝑛𝑛 𝜋𝜋𝑟𝑟𝑛𝑛𝑉𝑉𝑛𝑛

ℎ2𝑛𝑛+1
(ℎ + 𝜆𝜆)𝑛𝑛

[ℎ + 2(𝑛𝑛 + 1)𝜆𝜆]𝑛𝑛 (9) 

Integrating the Reynolds equation (9), the pressure distribution results: 

𝑝𝑝 = �
(𝑛𝑛 + 1)(2𝑛𝑛 + 1)

𝑛𝑛
�
𝑛𝑛 𝜋𝜋𝑉𝑉𝑛𝑛

ℎ2𝑛𝑛+1
(ℎ + 𝜆𝜆)𝑛𝑛

[ℎ + 2(𝑛𝑛 + 1)𝜆𝜆]𝑛𝑛
1

(𝑛𝑛 + 1)
(𝑅𝑅𝑛𝑛+1 − 𝑟𝑟𝑛𝑛+1) (10) 

The load carrying capacity for the entire squeeze film is calculated with relation: 

𝐹𝐹 = � 2𝜋𝜋𝑟𝑟𝑝𝑝𝑑𝑑𝑟𝑟
𝑅𝑅

0
 (11) 

which gives: 

𝐹𝐹 = 𝜋𝜋 �
(𝑛𝑛 + 1)(2𝑛𝑛 + 1)

𝑛𝑛
�
𝑛𝑛 𝜋𝜋𝑉𝑉𝑛𝑛𝑅𝑅𝑛𝑛+3

ℎ2𝑛𝑛+1
(ℎ + 𝜆𝜆)𝑛𝑛

[ℎ + 2(𝑛𝑛 + 1)𝜆𝜆]𝑛𝑛
1

(𝑛𝑛 + 3) (12) 

It is easy to observe that if in relations (10) and (12) one introduces λ = 0 (no-slip boundary 
conditions), n = 1 (Newtonian fluid) and replace the consistency index m with the viscosity η, 
the classical relation for the Newtonian squeeze film bearing is obtained: 

𝑝𝑝 =
3𝜂𝜂𝑉𝑉
ℎ3

(𝑅𝑅2 − 𝑟𝑟2) (13) 

and 

𝐹𝐹 =
3𝜋𝜋𝜂𝜂𝑅𝑅4𝑉𝑉

2ℎ3
 (14) 

The expressions determined for the untextured bearing (Reynolds equation – eq. 9; pressure 
distribution – eq. 10; load capacity – eq. 12) are very useful for validating the relations 
obtained in the case of the textured bearing. 

2.3 Pressure distribution and load capacity for the textured squeeze film bearing 

For the case of the textured squeeze film bearing, the Reynolds equation (eq. 9) will be 
integrated for two different regions: 

• for the dimple region (0 < r < r0), considering that the film thickness in the area is 
obtained from the distance between the plates in the flat zone h and the depth of the 
dimple s: 

ℎ𝑑𝑑 = ℎ + 𝑠𝑠 (15) 

• for the flat region (r0 < r < R), considering that the film thickness in the area is equal 
to the distance between the plates h. 

For the textured bearing with cylindrical dimple (Figure 1), the depth of the dimple is constant, 
but for the same bearing with spherical dimple (Figure 2), the depth varies with radius 
according to the relation: 

ℎ𝑑𝑑 = ℎ + �(𝑟𝑟02 + 𝑠𝑠2)2

4𝑠𝑠2
− 𝑟𝑟2 −

𝑟𝑟02 − 𝑠𝑠2

2𝑠𝑠
 (16) 



Alexandru Valentin RADULESCU, Irina RADULESCU 168 
 

INCAS BULLETIN, Volume 12, Issue 4/ 2020 

This variation of the dimple depth (eq. 16) leads to a numerical solution for the pressure 
distribution and load capacity in the case of the textured bearing. 
In order to get a generalized solution, the following dimensionless variables and parameters 
will be used: 

�̄�𝑟 = 𝑟𝑟
𝑅𝑅

;         �̄�𝑠 = 𝑠𝑠
ℎ

;         �̄�𝜆 = 𝜆𝜆
ℎ

;        �̄�𝑟0 = 𝑟𝑟0
𝑅𝑅

;        �̄�𝑝 =

𝑝𝑝 � 𝑛𝑛
(𝑛𝑛+1)(2𝑛𝑛+1)�

𝑛𝑛 ℎ2𝑛𝑛+1(𝑛𝑛+1)
𝑚𝑚𝑅𝑅𝑛𝑛+1𝑉𝑉𝑛𝑛

;      �̄�𝐹 = 𝐹𝐹 � 𝑛𝑛
(𝑛𝑛+1)(2𝑛𝑛+1)�

𝑛𝑛 ℎ2𝑛𝑛+1(𝑛𝑛+3)
𝜋𝜋𝑚𝑚𝑅𝑅𝑛𝑛+3𝑉𝑉𝑛𝑛

; 
(17) 

With these notations (eq. 17), the Reynolds equation (eq. 9) becomes: 

𝑑𝑑�̄�𝑝
𝑑𝑑�̄�𝑟

= −
(𝑛𝑛 + 1)�1 + �̄�𝜆�𝑛𝑛

�1 + 2(𝑛𝑛 + 1)�̄�𝜆�𝑛𝑛
�̄�𝑟𝑛𝑛 (18) 

Integrating the dimensionless Reynolds equation (eq. 18) for the two mentioned regions (zone 
I - dimple region and zone II - flat region) and considering the boundary conditions: 

�
�̄�𝑝𝐼𝐼𝐼𝐼|�̄�𝑟=1 = 0
�̄�𝑝𝐼𝐼|�̄�𝑟=�̄�𝑟0 = �̄�𝑝𝐼𝐼𝐼𝐼|�̄�𝑟=�̄�𝑟0

 (19) 

the integral expression for the pressure distribution is obtained: 

�̄�𝑝𝐼𝐼(�̄�𝑟) =
(𝑛𝑛 + 1)�1 + �̄�𝑠 + �̄�𝜆�𝑛𝑛

�1 + �̄�𝑠 + 2(𝑛𝑛 + 1)�̄�𝜆�𝑛𝑛(1 + �̄�𝑠)2𝑛𝑛+1
� 𝑥𝑥𝑛𝑛𝑑𝑑𝑥𝑥
�̄�𝑟0

�̄�𝑟

+
(𝑛𝑛 + 1)�1 + �̄�𝜆�𝑛𝑛

�1 + 2(𝑛𝑛 + 1)�̄�𝜆�𝑛𝑛
� 𝑥𝑥𝑛𝑛𝑑𝑑𝑥𝑥
1

�̄�𝑟0
            for 0 < �̄�𝑟 < �̄�𝑟0 

�̄�𝑝𝐼𝐼𝐼𝐼(�̄�𝑟) =
(𝑛𝑛 + 1)�1 + �̄�𝜆�𝑛𝑛

�1 + 2(𝑛𝑛 + 1)�̄�𝜆�𝑛𝑛
� 𝑥𝑥𝑛𝑛𝑑𝑑𝑥𝑥
1

�̄�𝑟
       for �̄�𝑟0 < �̄�𝑟 < 1 

(20) 

The dimensionless load capacity for the squeeze film bearing is obtained by the integration of 
the pressure distribution across the entire film: 

�̄�𝐹 = � 2𝜋𝜋�̄�𝑟�̄�𝑝𝑑𝑑�̄�𝑟
1

0
 (21) 

In the case of the textured bearing with cylindrical dimple (Figure 1), an analytical solution 
can be obtained for the pressure distribution (eq. 20) and the load capacity (eq. 21): 

�̄�𝑝𝐼𝐼(�̄�𝑟) =
�1 + �̄�𝑠 + �̄�𝜆�𝑛𝑛

�1 + �̄�𝑠 + 2(𝑛𝑛 + 1)�̄�𝜆�𝑛𝑛(1 + �̄�𝑠)2𝑛𝑛+1
��̄�𝑟0𝑛𝑛+1 − �̄�𝑟𝑛𝑛+1�

+
�1 + �̄�𝜆�𝑛𝑛

�1 + 2(𝑛𝑛 + 1)�̄�𝜆�𝑛𝑛
�1 − �̄�𝑟0𝑛𝑛+1�  for  0 < �̄�𝑟 < �̄�𝑟0 

�̄�𝑝𝐼𝐼𝐼𝐼(�̄�𝑟) =
(𝑛𝑛 + 1)�1 + �̄�𝜆�𝑛𝑛

�1 + 2(𝑛𝑛 + 1)�̄�𝜆�𝑛𝑛
(1 − �̄�𝑟𝑛𝑛+1)  for  �̄�𝑟0 < �̄�𝑟 < 1 

(22) 
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�̄�𝐹 =
�1 + �̄�𝑠 + �̄�𝜆�𝑛𝑛

�1 + �̄�𝑠 + 2(𝑛𝑛 + 1)�̄�𝜆�𝑛𝑛(1 + �̄�𝑠)2𝑛𝑛+1
�̄�𝑟0𝑛𝑛+3 +

�1 + �̄�𝜆�𝑛𝑛

�1 + 2(𝑛𝑛 + 1)�̄�𝜆�𝑛𝑛
�1 − �̄�𝑟0𝑛𝑛+3� (23) 

For the textured bearing with spherical dimple (Figure 2), no analytical solution is possible to 
be obtained and only numerical solution is available. 
Analyzing the analytical solution resulted, it can be observed that if the non-dimensional depth 
s  is equal to 0, the untextured case is obtained (eqs. 22 and 23 become identical to eqs. 10 
and 12). 

3. RESULTS AND DISCUSSIONS 
Using the model described previously, a parametric analysis, in dimensionless form, was 
performed to investigate the effect of various parameters of the model on the pressure 
distribution and load capacity of the textured squeeze film bearing. Both cases, of cylindrical 
and spherical dimples, have been considered.  
The most significant parameters in affecting the distribution of pressure and load capacity  are 
flow index n, non-dimensional depth of the dimple �̄�𝑠, non-dimensional slip length �̄�𝜆 and non-
dimensional radius of the dimple �̄�𝑟0. 
Figure 3 presents the effect of the non-dimensional slip length on the non-dimensional pressure 
distribution. 
The plotted results have been selected for the case �̄�𝑠 = 0.5, �̄�𝑟0 = 0.5 and 𝑛𝑛 = 1, but similar 
results can be obtained for other possible values. Similar, Figure 4 shows the effect of the flow 
index on the non-dimensional pressure distribution, for the case �̄�𝑠 = 0.5, 5.00 =r  and �̄�𝜆 = 0.5. 

 
Fig. 3 Non-dimensional pressure versus non-dimensional radius (�̄�𝑠 = 0.5, �̄�𝑟0 = 0.5 and 𝑛𝑛 = 1) 

Legend: Continuous line – untextured surface; Dash line – cylindrical dimple; Dash dot line – spherical dimple 
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Fig. 4 Non-dimensional pressure versus non-dimensional radius (�̄�𝑠 = 0.5, �̄�𝑟0 = 0.5 and �̄�𝜆 = 0.5) 

Legend: Continuous line – untextured surface; Dash line – cylindrical dimple; Dash dot line – spherical dimple 

It can be noticed that the pressure in the bearing increased with the decreasing of the non-
dimensional slip length. 
The same effect can be observed regarding the variation of the pressure with the flow index 
coefficient. 
In the region of the dimple, the pressure distribution is flattened, which is a normal behaviour. 
For all three surfaces studied, the maximum pressure has the highest values for the untextured 
bearing, then for bearing with spherical dimple and finally for bearing with cylindrical dimple. 
The same analysis is made for the load carrying capacity. 
Figures 5 and 6 study the influence of the non-dimensional flow index and non-dimensional 
slip length on the non-dimensional load capacity, considering as variable the non-dimensional 
depth of the dimple.  
 

 
Fig. 5 Non-dimensional load capacity versus non-dimensional depth (�̄�𝑟0 = 0.5 and �̄�𝜆 = 0.1) 

Legend: Dash line – cylindrical dimple; Dash dot line – spherical dimple 
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Fig. 6 Non-dimensional load capacity versus non-dimensional depth (�̄�𝑟0 = 0.5 and �̄�𝜆 = 0.5) 

Legend: Dash line – cylindrical dimple; Dash dot line – spherical dimple 

Analyzing Figures 5 and 6, one can observe that the influence of the dimple shape becomes 
negligible if the non-dimensional depth is greater than a limit value. This value depends on the 
flow index and non-dimensional slip length. In Figure 7 are plotted the limit curves for four 
values of the non-dimensional slip length: 0.1, 0.25, 0.5 and 1, which represent the variation 
of the limit depth versus the flow index. 
This observation has a major consequence for the theoretical modeling of the full textured 
bearings, with a large number of dimples, by simplifying the numerical calculus involved. 

 
Fig. 7 Non-dimensional limit depth versus flow index (�̄�𝑟0 = 0.5) 

4. CONCLUSIONS 
The present paper investigates the squeeze film process for the non-Newtonian fluids between 
two circular parallel surfaces. The lower surface is characterized by the existence of a 
cylindrical or spherical dimple in the centre, which is specific for the textured surfaces. 
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A simple, analytical model, for untextured squeeze film bearing operating with slip boundary 
conditions has been proposed, in order to calculate bearing performance characteristics 
(pressure distribution and load capacity). Based on this model, an original approach for 
textured squeeze film bearings was performed, considering two types of dimples: cylindrical 
and spherical. 
A complete analysis was developed, analytical and numerical, in order to determine the 
influence of different parameters on the bearing performances. A family of curves was 
obtained, corresponding to the theoretical limit depth of the dimples, over which the shape of 
the dimples becomes negligible. 
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