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Abstract: The resolution of the Colebrook-White equation has historically been a stability challenge in
Computational Fluid Dynamics (CFD) due to its transcendental and implicit nature. This work presents
the Tolentino-Z method (T,), an explicit sequential resolution architecture based on an algebraic
collapse that eliminates the need for conventional iterative schemes. Unlike iterative methods that
depend on stopping criteria, the T, method is structured as a fractional sequential equation with a
closed two-stage cycle (Zy, Z,), composed of three concatenated stages: generation of calibrated
explicit logarithmic seeds Sy, execution of the Z-refinement operator (Z-Engine), which is an explicit
rational operator derived from the algebraic collapse of the Newton-Raphson iteration; and direct
recovery of the friction factor f. The parameters b = 2.25 and n = 0.89 of the base seed were calibrated
using a systematic grid search in Python 3.12. The results demonstrate that the Z, configuration with
S, seed, over the range of relative roughness from 0.0 to 0.05 and Reynolds number from 4x10° to
1x10% achieves a maximum relative error of 2.74x107"", attaining bit-to-bit equivalence under the
IEEE 754 standard. This precision exhausts the 52-bit mantissa in 64-bit architectures, guaranteeing
absolute stability and asymptotic convergence over the entire domain of Reynolds number and relative
roughness. The Tolentino-Z method constitutes a deterministic, explicit alternative for high-reliability
engineering applications, digital twins, and industrial sofiware with high energy efficiency.

Key Words: algebraic collapse, asymptotic convergence, Colebrook-White, computational fluid
dynamics, digital twins, friction factor, IEEE 754 standard, Tolentino-Z method, Z-Engine

1. INTRODUCTION

The calculation of the friction factor in pipes is a fundamental problem in fluid mechanics,
with applications ranging from the design of water supply networks and oil pipelines to
ventilation systems and industrial processes. The semi-empirical Colebrook-White equation
[1], [2] constitutes the standard for estimating the friction factor in turbulent flow conditions,
for both incompressible and compressible flow [3], [4]:
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where f is the friction factor; R, is the Reynolds number [3], [5]; €/d is the relative roughness,
with € being the average height of the roughness of the pipe inner wall and d the internal pipe
diameter. Equation (1) is implicit for f, thus requiring iterative solution [6]. From a
mathematical engineering perspective, this implicit nature demands analytical
transformations, which has motivated decades of approximate explicit equations to avoid the
computational burden and instability of such iterations.

As an alternative to the implicit Colebrook-White equation (1), Moody [7] proposed a
diagram composed of families of plotted curves to obtain the friction factor by direct
observation; this family of curves is known as the Moody chart

Among the most widespread explicit approximations are the Swamee-Jain [8] and
Haaland [9] equations, with typical errors on the order of 2%. Subsequently, dozens of
correlations have been published, many of them compiled and evaluated by Niazkar and
Talebbyedokhti [10], which achieve relative errors below 0.1% over wide operating ranges.
Reference is also made to other relevant works that have repeatedly evaluated the friction
factor [11], [12], [13], [14], [15], [16].

In recent years, approaches based on Taylor series [17], Lagrange’s theorem [18],
algebraic and recursive adjustments [19], [20], decision tree models [21], genetic algorithms
[22], artificial intelligence techniques with neural networks [23], [24], and symbolic regression
based on genetic programming [25] have been explored. Likewise, complex network
simulation through sectionalizing methods based on continuity and momentum residuals [26]
and step-by-step algorithms coupled with multiphase flow models [27] have been investigated.
However, none of these alternatives completely eliminates the need for iterations or provides
a precision that exhausts the representation capacity of double-precision floating-point
arithmetic (IEEE 754) [28], [29], which is standard in most computational simulation
environments.

This work presents the Tolentino-Z method (T,), a deterministic algorithm that solves the
Colebrook-White equation through an algebraic collapse. In this context, the term “hacking”
is defined as an unconventional analytical strategy that restructures a classical mathematical
formulation to overcome its inherent computational limitations, enabling an explicit solution.
Unlike traditional iterative methods, which depend on an initial seed and a stopping criterion,
the proposed methodology structures the calculation into three concatenated phases: the
definition of a calibrated seed S) based on logarithmic nesting; the application of a closed
operator called the Z-refinement operator (Z-Engine) that compresses the Newton-Raphson
iteration into an algebraic expression; and the final recovery of the friction factor f.

This paper is organized as follows: Section 2 describes in detail the methodology,
including the construction of the seeds, the Z-refinement operator, and the procedure for
calculating the friction factor. Section 3 presents the comparative results and numerical
validation. Finally, Section 4 presents the conclusions and the scope of the proposed method.

2. MATERIALS AND METHODS

To solve the implicit nature of the Colebrook-White equation (1), this work proposes an
explicit sequential resolution architecture based on a stability algorithm called the Tolentino-
Z method (T,). The mathematical model (Recurrent Asymptotic Transformation Model
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(RATM)) proposed for the calculation of the friction factor is defined as a fractional sequential
equation. The proposed T, method has a defined structure, which decomposes the problem
into three critical phases: the seed Sy, the Z-refinement operator, and the friction factor f,
designed to annihilate the numerical residue asymptotically.

2.1 Calibrated seeds to guarantee numerical convergence

To ensure convergence in the iterations, different seeds S; are formulated, defined with
different orders based on logarithmic nesting, following a recursion pattern similar to that
reported in [20]. The base seed is established as Sy = az + b - a with empirical coefficients
b = 2.25 and n = 0.89. The parameters b and n were calibrated in Python 3.12 using a
systematic grid search with 100 levels for each parameter in the ranges b € [2.20,2.30] yn €
[0.87, 0.91], minimizing the absolute error of S, with respect to the reference value Z, for the
critical case of Reynolds number 4x10° and relative roughness € /d = 0.0. It should be noted
that the seed parameters a,, a; and a, are defined in Section 2.2, Steps 1 and 3.
The seed in its general form is expressed as:

Sk = az + agIn(Sk_41) ()

where k = 1, 2, 3, 4 indicates the number of nested logarithms, which can be increased for k >
4. The coupling of the seed occurs by definition Z, = Sj. In particular, four seeds have been
established:

Seed S;: Zy = az + auln(az + b -ay)

Seed Sy: Zy = az + ayln(az + azln(a; +b-ay))

Seed S3: Zy = az + agln(as + a4ln(as + a4ln(as + b - a})) )

Seed S,: Zy = a3 + a4ln(a3 + a4ln(a3 + auln(az + azln(az +b - ay) )) )

2.2 Construction of the Z-refinement operator

Unlike conventional Newton-Raphson iterations, Tolentino-Z introduces a domain
transformation that accounts for the linearization of the Newton-Raphson method, with the
purpose of generating an algebraic collapse for which it was designed.

The procedure is presented below:

Step 1: Formulation of the original Colebrook-White equation.
Equation (1) is rearranged into a compact form, taking into account the logarithm
transformation log(y) = In(y)/In(10), which yields:

x = a;ln(az + azx) 3)
The auxiliary variable x is related to the friction factor f by x = 1/ \/7 .
The canonical constants are expressed as:
Logarithmic constant: a; = —2/In(10).

Reynolds scale factor: a, = 2.51/Re.
Roughness factor: a; = (¢/d)/3.7.

Step 2: Auxiliary transformation (fundamental change of variable).
A new variable Z that absorbs the non-linearity of the equation is defined by:

Z =az+ax 4)
It should be noted that the change of variable Z achieves the mapping needed to shift the

instability of the implicit equation to a domain of absolute convergence.
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Solving for x from equation (4):

_Z-a3 5
x=" (5)
Step 3: Substitution and canonical form.
Substituting equations (4) and (5) into equation (3) gives:
Z —aj
= a;In(2) (6)
a

Multiplying both sides by a,:
Z—az; =a;a,In(2) @)

Define the composite parameter a, = a;a,. Then the canonical form of the
Colebrook-White equation is obtained:

Z = a3+ audn(2) ®)

This expression reveals the essential structure of the equation: an implicit relation between
Z and its natural logarithm, with two parameters a; (function of relative roughness) and a,
(function of Reynolds number).

Step 4: Root-finding formulation and application of Newton-Raphson. Newton-Raphson
establishes the iterative scheme:

f(Z)
Zin =72 — o~ 9
i+1 l f,(Zl) ( )
To solve equation (8), for Z = Z;, we define the function:
f(Z) = az + auln(Z;) - Z; (10)
whose zeros correspond to the desired solutions. The derivative of f(Z;) is:
’ Ay
f(Zi)=7_1 (11)
i
Substituting equations (10) and (11) into (9) yields:
az + auln(Z;) — Z;
Ziy1 =12 — a5 (12)
Z
Noting that % —1 =22 ywe have:
Zi(as + a,In(Z;) — Z;)
Zipy =Z; —— 0 —ZL-L L (13)
Step 5: Algebraic collapse to the Z-refinement operator.
Expressing as a single quotient:
Zovs = Zi(ay — Z;) — Zi(az + a,In(Z;) — Z;) (14)

aq — Z;

Expanding the numerator:
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ayZ; — ZF — azZ; — a,Z;Iin(Z;) + Z}

= 15
o (1s)
Canceling Z?:
Cl4Zi - Cl3Zi - Cl4ZilTl(Zi)
Ziiq = (16)
Factoring Z;:
a, — az — auIn(Zy)
Ziy1 =12 17)
i+1 i a, — Z;
Rearranging the numerator:
a,(1—Imn(Z;))—a
Zins = 7,224 ) = (18)

a, —Z;

Step 6: Z-refinement operator (Z-Engine).
The algebraic collapse results in the Z-Engine, the core computational operator of the
methodology:

a,(1—In(Z)) — as
ay _Zi

Zi+1 = Zi (19)

where i =0,1,2... and Z, =S is the chosen seed. This architecture collapses the
Newton-Raphson iteration into a single rational expression, eliminating iterative overhead
and facilitating stability analysis. Furthermore, calibrated seeding prevents singularities in the
denominator (a4 — Z;), guaranteeing the absolute stability across physical domain.

2.3 Reconditioning of the Colebrook-White equation to solve for the friction factor

Equation (4) is substituted into equation (3). Setting Z = Z;,4, the following expression is
obtained:

x =a;In(Z;;4) (20)

Substituting the auxiliary variable x = 1/ \/7 (defined in Step 1) into equation (20) and
solving for f gives the direct recovery of the friction factor:

f = layln(Zi)] 7 ey

This final stage for computing the friction factor also acts as a convergence filter.
Therefore, since it is coupled with equation (19), it facilitates its implementation for any case
in the refinement stage of Z; 1, for the entire Colebrook-White domain under turbulent flow.

2.4 Procedure sequence for calculating the friction factor

Based on the Tolentino-Z method, the calculation procedure to obtain the final friction factor
is established according to the following structure:

1: Seed S, : The type of seed Z, = S, (equation (2)) is chosen according to its logarithmic
nesting. This selection is based on the conditions required for the initial positioning of
numerical accuracy.
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2: Z-refinement operator (Z-Engine): The selected seed Z, = Sy, is substituted into the
equation (19). For Z; as a function of Z, we have the first refinement stage. The second
refinement stage is Z, as a function of Z;, and the third is Z3 as a function of Z,. This can be
scaled to increase Z;, 1 to accelerate the reduction of numerical error.

As a validation, for the scenario of Z, as a function of S,, bit-to-bit equivalence was
achieved under the IEEE 754 standard [28], [29] for 64-bit architectures. At this refinement
level, the Z-refinement operator is expressed operationally as:

a4(1 - ln(Zl)) —az| P a4(1 - ln(Sz)) — a3
1 A ’ 12 a, — S,

Z2=Z

3: Friction factor f: Equation (21) is used to calculate the friction factor. For example,
for the particular case where Z, is known, the final friction factor is obtained as:

f = l[a1In(Z;)]?

2.5 Parameter ranges considered in the turbulent flow regime

Relative roughness €/d: The relative roughness range was set from smooth pipe €/d = 0.0
to fully rough pipe € /d = 0.05. Six cases were evaluated: €/d = 0.0, ¢/d = 0.00001,¢/d =
0,0001, ¢/d = 0.001, ¢/d = 0.01 and € /d = 0.05.

Reynolds number R,: The Reynolds number range was set from 4x10° to 1x108,

Relative error of the friction factor f. The relative error and the maximum relative error of the
friction factor were evaluated over the entire domain of the Colebrook-White equation for the
relative roughness range €/d = 0.0 to €/d = 0.05 and for the Reynolds number range 4x10°
to 1x10%, for the refined stages Z;, Z, and Z5 as functions of the seeds S;, S,, S3 and S,
respectively. The Z-refinement operator is implemented as a deterministic refinement scheme
(typically Z, — Z3), in which the Newton-Raphson iteration is collapsed into an explicit
algebraic sequence, avoiding open iterative loops dependent on convergence criteria.

The Newton-Raphson method was used as a control parameter for the friction factor to
compare the results yielded by the Z-refinement operator. For the calculations, the Python 3.12
library “decimal” was used to achieve 50 decimal places.

The computational equipment used had the following characteristics: Dell CPU, Optiplex
7010 model, 15, 32 GB RAM.

3. RESULTS AND DISCUSSIONS

This section presents a comparative analysis of the friction factor for three refinement stages
of the Z-refinement operator based on four defined seeds, for which the corresponding graphs
and tables are shown.

3.1 Curve trajectories for three refinement stages of the Z-refinement operator

For the case of seed S;, Fig. 1 illustrates the behavior of the curve trajectories (logarithmically
spaced), where for relative roughness €/d = 0.0 (Fig. 1a) the relative errors are largest at the
Reynolds number reference 1x10°%.

As relative roughness increases, the errors slightly decrease at the Reynolds number
reference 4x10°, while at the reference 1x10® the errors drop dramatically. The curves have
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pronounced valleys at the beginning (¢/d = 0.0); as relative roughness increases, the curves
become smooth and tend to be straight with negative slopes (€/d = 0.05).

The smallest drops in relative error occur in the pronounced valleys and they decrease
even more as the refinement stages of the Z-refinement operator increase, as observed for
relative roughness cases €/d = 0.0, €/d = 0.00001, €/d = 0.0001 at Reynolds numbers
near 1x10% and 1x10°, respectively.

Similar error drops occur in Figs. 2, 3 and 4, and it is observed that seeds S5, S; and S,
have a significant effect when applied to refinement stages Z;, Z, and Z3, shifting the curves
in a stepwise manner.

As a reference, in Figs. 1, 2, 3 and 4 a dashed red line is shown; this line corresponds to
the approximate relative error limit of 1.11x107'¢ of the IEEE 754 standard [28], [29] for
bit-to-bit equivalence, achieving 17 decimal places. Therefore, any curve or segment of the
friction factor relative error that crosses the 1.11x107!¢ boundary attains values greater than 17
decimal places.

The bounded limit for the graphical representation of the friction factor relative error is
up to 1x10-%°, which is compared with the Newton-Raphson benchmark at 50 decimal places,
to ensure numerical accuracy.
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Fig. 1 — Seed S;: Relative error of the friction factor f for refinement stages Z;, Z, and Z3. Range of relative
roughness from 0.0 to 0.05 and Reynolds number from 4x103 to 1x108
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roughness from 0.0 to 0.05 and Reynolds number from 4x10° to 1x108
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Fig. 3 — Seed S3: Relative error of the friction factor f for refinement stages Z;, Z, and Z3. Range of relative
roughness from 0.0 to 0.05 and Reynolds number from 4x103 to 1x108
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Fig. 4 — Seed S,: Relative error of the friction factor f for refinement stages Z;, Z, and Z3. Range of relative
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3.2 Comparative analysis of the friction factor for three stages of the Z-refinement

operator

The behavior of the curve trajectories for the refinement stages as a function of the seeds is
illustrated in Fig. 5. The vertical axis shows the maximum relative error of the friction factor.
In the initial stages, for Z, and Z;, the maximum relative errors are of the order of 1x10! to
1x10"'2 with ULP (Units in the Last Place) distances [28], [29] of the order of 1x10'3 to 1x10%,
indicating that machine precision has not yet been reached. However, starting from
configuration Z, with S,, , the error drops drastically below 1x10'® and the ULP distance
reduces to values < 1, demonstrating convergence to the theoretical approximate limit of
1.11x10°!¢ of the IEEE 754 double-precision standard (52-bit mantissa) [29]. Notably, ULP is
defined as the distance between two consecutive representable numbers in floating-point
arithmetic [29]; a value < 1 indicates that the numerical error is smaller than the machine
resolution, thus achieving bit-to-bit equivalence under the IEEE 754 standard [28], [29].
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Fig. 5 — Maximum local relative error of the friction factor f. Range of relative roughness from 0.0 to 0.05 and
Reynolds number 4x10° to 1x108
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The maximum relative errors, reported to 50 decimal places, are summarized in Table 1
for the refinement stages Z, and Z5 as functions of seeds S;, S,, S5 and S,. For stage Z, with
seed S,, the error is 2.74x107'7, which is smaller than both the rounding error bound of 1.11x10-
16 for (IEEE 754) and the size of 1 ULP (at 1.0) of 2.22x10'¢ [29]. Therefore, configuration
Z, with S, is identified as the convergence optimum, achieving deterministic bit-to-bit
equivalence.

Table 1 — Maximum relative error for different stages of the Z-refinement operator as a function of different seeds

7 S Maximum relative error Maximum ULP
(50 decimal places) distance

Z, Si 8.36x104 541

Z, S, 2.74x10°7 1

Z, Ss 1.24x102° 0

Z, Sa 6.71x10° 0

Zs Si 1.37x10°% 0

A S, 1.29x1073 0

Zs S3 2.81x104 0

A Sa 8.46x1048 0

Table 2 presents a comparison of friction factor results f; obtained by the Tolentino-Z
method against fy obtained by the Newton-Raphson method, for 50 decimal places; for
comparative purposes under the IEEE 754 standard, the values were truncated to 17 decimal
places for presentation.

The obtained maximum percentage relative errors correspond to local points of relative
roughness and Reynolds number. It is evident that the numerical errors of the friction factor
decrease as the logarithmic nesting in the seed increases. The critical zone where the largest
errors occur is at Reynolds number 4x10°. For Z5 with S; and smooth pipe (¢/d = 0), the
error appears at Reynolds number 1x108,

For stage Z, with seed S; (Table 2 and Fig. 5), the maximum percentage relative error for
the friction factor at 17 decimal places is 8.36x10"2%, a value that is satisfactory for
engineering applications that do not require numerical precision with 17 decimal places for
the friction factor.

The optimal point presenting a relative percentage error of 0.0% is configuration Z, with
S, (Table 2 and Fig. 5), which yields bit-to-bit equivalence under the IEEE 754 standard for
64-bit architectures.

For extremely rigorous numerical precision requirements in the friction factor that exceed
17 decimal places, configuration Z, with S3 is satisfactory, as it guarantees numerical
convergence when using the “decimal” library in Python or other code.

Likewise, increasing the nesting level to S, would be satisfactory for specific user
requirements. However, under the IEEE 754 standard, it exceeds the demands for 64-bit
architectures because it exhausts the representation capacity of double-precision
computational architecture.

For refinement stage Z; and seeds S;, S,, S3 and S, (Tables 1 and 2, Fig. 5), the data have
been recorded to understand the behavior of the convergence curve trajectories, which shows
that the Z-refinement operator is scalable, with the error of the friction factor tending toward
Zero.
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Table 2 — Maximum percentage relative errors of the friction factor f; and fy (values shown with 17 decimal

places)
zZ S e/d Re fz (Tolentino-Z) fn (Newton) Error %
Zy S 8.24x10°  4x103 0.04747214296782232 0.04758252572594279  2.32x10°!
Zy S, 4.19x10°  4x10° 0.04397779036975399 0.04396551279430830  2.79x107
Zy S 2.67x10°  4x10%  0.04253323279976310 0.04253486380634844  3.83x1073
Zy S, 2.13x103  4x10° 0.04201730124592102 0.04201706376584958  5.65x10*
Z; S;  525x103  4x10° 0.04493726666280266 0.04493730016847840  7.46x107°
Z, S, 334x10°%  4x10°  0.04317535899971726 0.04317535954958154  1.27x10°°
Zy S 2.13x10°%  4x10°  0.04201706375491186 0.04201706376584958  2.60x10°®
Z; S, 1.70x10°  4x10°  0.04159940814199579  0.04159940814224396 5.97x101°
Z, S; 525x103  4x10° 0.04493730016847464 0.04493730016847840 8.36x10°12
Z, S, 3.34x10° 4x10° 0.04317535954958154 0.04317535954958154 0.0
Z, S 2.13x10°%  4x10° 0.04201706376584958 0.04201706376584958 0.0
Z, S, 1.70x107% 4x10° 0.04159940814224396 0.04159940814224396 0.0
Zs S 0.0 1x108  0.00594046635163676  0.00594046635163676 0.0
Z3 S, 2.67x103  4x10° 0.04253486380634844 0.04253486380634844 0.0
Z3 S3 2.13x103  4x10°  0.04201706376584958 0.04201706376584958 0.0
Zy S, 1.70x103  4x10° 0.04159940814224396 0.04159940814224396 0.0

The proposed mathematical model is a three-step structure that allows a synchronized
stage solution, comprising the seed S;, based on equation (2), the Z-refinement operator based
on equation (19), and the friction factor f based on equation (21); this structure is a fractional
sequential equation of explicit direct calculation.

Unlike iterative methods where the seed is an external agent prone to error, in the
Tolentino-Z method, the seed configuration S}, acts as an internal precision modulator. The Z,
refinement stage with the S, seed is found to be optimal, achieving agreement within the limits
of double-precision arithmetic (IEEE 754) and exhibiting bit-to-bit equivalence up to the 17th
decimal place under high-precision analysis. Furthermore, the Z, configuration with S
ensures robust performance under extreme conditions.

3.3 Double-precision floating-point arithmetic IEEE 754)

Double-precision floating-point arithmetic (IEEE 754), natively used by Python, provides
sufficient precision for most engineering calculations. Within this framework, the friction
factors f7, fy and fp obtained with the Tolentino-Z method (configuration Z, with S,), the
Newton-Raphson iterative scheme, and fixed-point iteration are numerically indistinguishable,
as shown in Table 3 for the critical region (Re = 4x10°, € /d = 0.0 to 0.05). For other Reynolds
number, the behavior is analogous.

When results are displayed with 16 decimal places, all three methods produce identical
values. Minor differences beyond this level are inherent to the floating-point representation
and do not affect engineering calculations, which typically require far fewer decimal places.

Standard spreadsheet software and many engineering tools operate with a precision of 15—
16 total digits, which is sufficient for most practical applications. However, for analyses
requiring precision beyond double-precision arithmetic (e.g., bit-level agreement or numerical
sensitivity studies), the Python decimal module can be used with higher precision. In this work,
50 decimal places were employed. Under this high-precision configuration, the Tolentino- Z
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method (configuration Z, with S,) coincides with Newton—Raphson up to the 16th decimal

place, confirming deterministic equivalence under the IEEE 754 standard.

Table 3 — Comparison of results for Reynolds number 4x103, critical region. (configuration Z, with S,)

e/d Re fz (Tolentino-Z) fn (Newton) fp (Fixed-point)
0.0 4x10°  0.0399070140556349 0.0399070140556349  0.0399070140556349
0.00001 4x10° 0.0399171668504101 0.0399171668504101  0.0399171668504101
0.0001 4x10°® 0.0400084312335555 0.0400084312335555  0.0400084312335555
0.001 4x10°  0.0409103898628461 0.0409103898628461  0.0409103898628461
0.01 4x10°  0.0490822694478997 0.0490822694478997  0.0490822694478997
0.05 4x10°  0.0769868348892249 0.0769868348892249  0.0769868348892249

3.4 Moody diagram generated with the Tolentino-Z Method

To visually demonstrate the equivalence between the Tolentino-Z method and the
conventional Newton-Raphson iterative scheme, the Moody diagram was constructed using
both approaches. The friction factor was computed for Reynolds numbers ranging from 4x10°
to 1x10® (logarithmically spaced) and for relative roughness values €/d =
0.0,0.00001,0.0001,0.001,0.01, 0.05. These ranges cover the typical operating conditions
of turbulent pipe flow, from smooth to fully rough regimes.

As a reference, the Newton-Raphson method was implemented with an initial guess
provided by the Swamee-Jain explicit equation. A convergence tolerance of 1x107'? was used,
and the algorithm consistently converged in fewer than 10 iterations for all points evaluated.

Figure 6 shows the resulting Moody diagram. The solid black lines correspond to the
Newton-Raphson reference, while the dashed red lines correspond to the Tolentino-Z method
with the configuration Z, and S, seed. The curves are indistinguishable at the scale of the plot,
confirming that the explicit T, method, which requires no iterative loops or convergence
criteria, reproduces the friction factor with the same accuracy as the Newton-Raphson iterative
scheme. Consequently, the explicit formulation of the T, method emulates the behavior of the
friction factor curves over the entire Colebrook-White domain for turbulent flow.

6x10~2 e/d = 0.05
"‘--4X10_2 e/d =0.01
g _
< 3x1072
&

g €/d = 0.001
£ 2x1072 -
=
&
e/d =0.0001
_ Newton-Raphson
0™ 7, (2, with seed 5;) c/d—0 ¢/d = 0.00001
10* 10% 106 107 108

Reynolds

Fig. 6 — Moody diagram: Comparison between the Newton-Raphson method (solid black lines) and the
Tolentino-Z method (dashed red lines). Range of relative roughness from 0.0 to 0.05 and Reynolds number 4x103
to 1x108
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3.5 Industrial implications and energy efficiency

The Tolentino-Z method, by achieving results that are numerically indistinguishable within
machine precision, effectively eliminates numerical discrepancies in the calculation of head
loss, enabling improved optimization of power consumption in compression and pumping
systems. The machine-precision friction factor can be directly substituted into the
Darcy-Weisbach equation, yielding head losses with the same exactness and eliminating a key
source of uncertainty in hydraulic design.

Furthermore, its deterministic nature with a closed two-stage cycle (Z;, Z,) ensures
absolute stability in high-reliability hydraulic simulators, where the convergence of traditional
iterative methods is often compromised by noise from field sensor data. This unprecedented
precision translates directly into reduced operating costs and a significant decrease in the
carbon footprint associated with large-scale fluid transport.

4. CONCLUSIONS

After the physical-mathematical analysis and numerical validation of the Tolentino-Z method
(T,), the following conclusions are drawn:

Transition from implicit to deterministic: The T, method successfully transforms the
transcendental nature of the Colebrook-White equation into an explicit sequential resolution
architecture. By fixing the refinement of the Z-refinement operator (Z-Engine) in a closed
two-stage cycle (Z1,Z,), the scheme transcends the open iterative process to become a
constant-time algorithm, eliminating the uncertainty associated with traditional convergence
criteria.

Efficiency of algebraic collapse: The development of the Z-refinement operator through
the algebraic collapse of the Newton-Raphson iteration reduces the numerical calculation to
its minimal expression. This closed operator, together with the calibrated logarithmic seeds
Sk, guarantees stability over the entire operating domain, avoiding singularities and
divergences.

Bit-to-bit equivalence (IEEE 754): 1t is demonstrated that the configuration Z, with seed
S,, which involves two applications of the Z-refinement operator, achieves a maximum
relative error of 2.74x107'7. This value is below the machine precision limit for 64-bit
architectures (1.11x107'%), achieving bit-to-bit equivalence and exhausting the
double-precision mantissa representation capacity.

Scalability and extreme precision: The method is intrinsically scalable. By increasing the
nesting level of the seed or the number of refinements of the Z-refinement operator, it is
possible to achieve precision on the order of 1x10™*¥, surpassing the requirements of any
current high-reliability simulation.

Impact on engineering and CFD: The Tolentino-Z method constitutes a disruptive tool
for computational fluid dynamics and digital twins. Its deterministic convergence architecture
allows seamless integration into industrial software, eliminating the instability of traditional
methods, optimizing energy efficiency, and significantly reducing computational load in
large-scale pipe networks.
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